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Welcome

These are the lecture notes for the “Introduction to Quantum Computing” lecture held by
Dominique Unruh at RWTH Aachen in the summer term 2025. They should be viewed as an
addition to the handwritten notes and the lecture recordings.

The lecture notes will be updated progressively throughout the semester, following the pace
of the lectures. Last year’s lecture notes can be found here, but note that they are incomplete
and may differ from this years content.

If you spot an error, please report it to Gitlab. Alternatively, you can send Stefan Stump an
e-mail (stefan.stump@rwth-aachen.de).If you have a question of understanding, please ask it
in the Moodle forum.

These lecture notes are released under the CC BY-NC 4.0 license, which can be found here.

The Jupyter notebooks created during the lectures can be found in the JupyterHub in the
course “[IQC] Introduction to Quantum Computing” or in Moodle. These will be added
shortly after the lectures. If changes are made to the files, they can be easily reset with the
usual git commands using “Git” and then “Open Git Repository in Terminal.

Changelog

16.05.2025

• started the lecture notes for the summer term 2025
• added chapters 1 to 9 (except 4.3)
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1 Introduction

1.1 Double-slit experiment

We start by looking at one of the most famous quantum experiments to get an idea of the
surprising nature of quantum behaviour.

Figure 1.1: From xkcd 3076

In the double slit experiment, a light source is placed behind a wall with two narrow, closely
spaced slits. On the other side, a photosensitive plate is positioned.
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Figure 1.2: Double-slit experiment setup

An interference pattern appears on this photo plate, i.e. alternating light and dark stripes. This
is due to the wave character of light. As the light waves pass through the slits, they overlap
and interfere with each other. In some areas they have the same amplitude and reinforce each
other, creating bright stripes. In other areas, the amplitudes have different signs and the waves
cancel each other out, creating dark stripes.

This behaviour is to be expected. This is because the light travels different distances from the
two slits to the same spot on the photo plate. If the difference is half a wavelength the two
light waves cancel out at that spot.

Now we take individual photons. Here we would expect the interference pattern to disappear,
as each photon can only pass through one of the slits. In that case, no interference can occur
between photons coming from the two slits since they never meet. We would expect just two
overlapping bright areas.

Surprisingly this behaviour does not occur. Even with single photons an interference pattern
continues to appear. The photons do not decide to pass through one specific slit. They are in
“superposition” between these two paths. This means that a single photon has two possibilities
where it came from, both possibilities still happen at the same time and can cause interference
with each other. For this reason, the amplitudes also add up or cancel out at the photo plate,
resulting in the same interference pattern.

In later chapters, the mathematics shown will make this behaviour easier to understand.
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Figure 1.3: Resulting interference pattern when using single photons

1.2 What is a quantum computer?

To start into the topic of quantum computing and to understand the differences from classical
computers, we first need to look at some of the basics of such classical computers.

In a classical computer the information is stored in bits which can either be in the state 0
or the state 1. These bits can be manipulated through different classical operations and we
can look at these bits and read them, without interfering with the system or changing any
states.

In a quantum computer the information is stored in a qubit which can be in a superposition
between the state 0 and 1. Just as with classical computers, we can construct variables from
these qubits to store bigger numbers. For example a 64-qubit integer would be described by
64 qubits which are in a superposition between 0 and 264 − 1. This can be imagined best as a
variable where the universe has not yet decided on its value and therefore the variable has all
possible values at the same time.

We can now use this superposition and manipulate it with different quantum operations. Con-
trary to a classical computer, in a quantum computer these operations are “applied” at all
possible input values at the same time and the result is a superposition of all possible results
of the operation. We call this effect quantum parallelism.

Example: Quantum parallelism

Let’s say you have a quantum variable 𝑥 in a superposition of numbers between 0 and
264 − 1 (all possible 64-bit values) and some function 𝑓(𝑥). You program a quantum
computer to compute 𝑓(𝑥).
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The quantum computer would compute 𝑓(𝑥) for 𝑥 = 0, 𝑥 = 1, 𝑥 = 2, ... at the the same
time and the result of this computation is a superposition of all possible values 𝑓(𝑥).

Reading this, one might be tempted to utilize quantum parallelism to run any algorithm on
a quantum computer in order to optimize runtime. Unfortunately there is a big catch with
quantum computers: If we try to look at the state of a qubit (also called measuring), the
universe decides randomly on an outcome and therefore when measuring we only get the
result of one computation and all the rest of the information is lost.

Example (continued): Quantum parallelism

After your quantum computer has calculated a superposition of all possible values 𝑓(𝑥),
you want to get some information on the output and therefore you do a measurement on
the resulting quantum state.
You will receive one random 𝑓(𝑥) and all the other possible solutions are lost.

Due to this restriction, naively running established algorithms on a quantum computer will not
work. Fortunately there are some clever tricks to create some “interference” between different
computations before measuring. This will give us useful information in some cases.

2 Probabilistic systems

To describe a quantum computer mathematically, we can do math similar to the known topic
of probabilistic systems. We therefore first look into describing a probabilistic system.

2.1 Deterministic possibilities

At first we need to define all the different possible outcomes of our system. For example, for
a coin flip this could be heads or tails and for a dice this could be the labels of the different
sides. We call these possibilities deterministic possibilities. Note that we will only be using a
finite number of possibilities.
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Example: Random 2-bit number

Imagine you have a random number generator, which outputs 2-bit numbers. The deter-
ministic possibilities of this generator are 00, 01, 10 and 11.

We will always assume the deterministic possibilities to be ordered in some way (even if it is
an arbitrary one). In the example above, the deterministic possibilities are 00, 01, 10, 11, not
00, 10, 01, 11. We will need this to know the order of entries in vectors and matrices later.

2.2 Probability distribution

Next, we need to assign each possibility a probability. We write this as Pr[𝑥] = 𝑝 where
𝑝 ∈ [0, 1] is the probability of the deterministic possibility 𝑥.

Example: Coin flip

For a coin flip the probability of heads would be Pr[heads] = 1
2 and the probability for

tails would be Pr[tails] = 1
2 .

If we combine all probabilities for all the possible outcomes and write them as a vector, we get
a probability distribution. Here it comes in handy that we have a ordering on the deterministic
possibilities. If the deterministic possibilities are 𝑥1, … , 𝑥𝑛, their probabilities will be in the
vector in that order.

Definition 2.1 (Probability distribution). A vector 𝑑 ∈ ℝ𝑛 is a valid probability distri-
bution iff ∑ 𝑑𝑖 = 1 and ∀𝑖 𝑑𝑖 ≥ 0.

This vector has 𝑛 entries, where each entry corresponds to a deterministic possibility 𝑥 and
the probability of 𝑥 is Pr[𝑥] = 𝑑𝑖. The sum over all probabilities has to be 1 and each entry
needs to be nonnegative in order to be a valid probability.

Example (continued): Coin flip

For a coin flip the probability distribution would be 𝑑coin ∈ ℝ2 with 𝑑 = (
1
21
2
).

Example (continued): Random 2-bit number

Recall your random 2-bit number generator from above. Imagine your generator outputs
each deterministic possibility with equal probability, except for the possibility 00, which

8



is never generated. The corresponding probability distribution would be

𝑑2-bit =
⎛⎜⎜⎜⎜⎜
⎝

0
1
3
1
3
1
3

⎞⎟⎟⎟⎟⎟
⎠

.

2.3 Probabilistic processes

With a probability distribution, we can only describe the probabilities of possibilities without
any knowledge of a prior state. We therefore add another element to our toolbox of probabilistic
systems called a probabilistic process.

A probabilistic process is a collection of 𝑛 probability distributions, where for each determin-
istic possibility 𝑖 there is a probability distribution 𝑎𝑖. This means that if the system is in
deterministic possibility 𝑖 before the process is applied, the system will afterwards be dis-
tributed according to 𝑎𝑖. We can write this as a matrix, where each column is a probability
distribution 𝑎𝑖.

Definition 2.2 (Probabilistic process). A matrix 𝐴 ∈ ℝ𝑁×𝑁 is a valid probabilistic
process iff for every column 𝑎 of 𝐴, 𝑎 is a valid probability distribution.

From Definition 2.1 we know that a valid probability distribution 𝑎 has the properties ∑ 𝑎𝑖 = 1
and ∀𝑖 𝑎𝑖 ≥ 0, therefore a matrix 𝐴 is a probabilistic process iff 𝐴 ∈ ℝ𝑁×𝑁 with ∑ 𝑎𝑖 = 1 and
∀𝑖 𝑎𝑖 ≥ 0 . Such a matrix is also called a stochastic matrix.

Example (continued): Random 2-bit number

Imagine a second device, which receives a 2-bit number as an input and flips both bits
at the same time with a probability of 1

3 . The probability distributions for each of the
deterministic possibility would then be

𝑎00 =
⎛⎜⎜⎜⎜
⎝

2
3
0
0
1
3

⎞⎟⎟⎟⎟
⎠

, 𝑎01 =
⎛⎜⎜⎜⎜
⎝

0
2
31
3
0

⎞⎟⎟⎟⎟
⎠

, 𝑎10 =
⎛⎜⎜⎜⎜
⎝

0
1
32
3
0

⎞⎟⎟⎟⎟
⎠

and 𝑎11 =
⎛⎜⎜⎜⎜
⎝

1
3
0
0
2
3

⎞⎟⎟⎟⎟
⎠

.
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From this we can construct the process as a matrix from these processes as follows:

𝐴flip = (𝑎00 𝑎01 𝑎10 𝑎11) =
⎛⎜⎜⎜⎜
⎝

2
3 0 0 1

3
0 2

3
1
3 0

0 1
3

2
3 0

1
3 0 0 2

3

⎞⎟⎟⎟⎟
⎠

.

Applying a probabilistic process

Having defined probability distributions and probabilistic processes, we can now combine these
two elements and apply a probabilistic process on a probability distribution.

Definition 2.3 (Applying a probabilistic process). Given an initial probability distribu-
tion 𝑥 ∈ ℝ𝑛 and a probabilistic process 𝐴 ∈ ℝ𝑁×𝑁 , the result 𝑦 ∈ ℝ𝑛 of applying the
process 𝐴 is defined as

𝑦 = 𝐴𝑥.

Example (continued): Random 2-bit number

Recall the 2-bit number generator and the bit flip from above. Imagine you would first
draw a random 2-bit number from the generator and then run the bit flip device. We
already know that the probability distribution of the generator is 𝑑2-bit. Using 𝐴flip we
can calculate the final probability distribution:

𝐴flip ⋅ 𝑑2-bit =
⎛⎜⎜⎜⎜⎜
⎝

2
3 0 0 1

3
0 2

3
1
3 0

0 1
3

2
3 0

1
3 0 0 2

3

⎞⎟⎟⎟⎟⎟
⎠

⎛⎜⎜⎜⎜⎜
⎝

0
1
3
1
3
1
3

⎞⎟⎟⎟⎟⎟
⎠

=
⎛⎜⎜⎜⎜⎜
⎝

1
9
1
3
1
3
2
9

⎞⎟⎟⎟⎟⎟
⎠

.

3 Quantum systems

With the basics for a probabilistic system defined, we now look into describing a quantum
computer mathematically. In the following table you can see the analogy from the quantum
world to the probabilistic world.

10



Probabilistic world Quantum world
Probability distributions Quantum states
Probabilities Amplitudes
Deterministic possibilities Classical possibilities
Stochastic matrix as process Unitary matrix as process

3.1 Classical possibilities

Like in the probabilistic systems we need to define all outcomes for a quantum system. For ex-
ample, a photon can be in the state up or down. We call these possibilities classical possibilities.
Note that we will only be using a finite number of possibilities.

Example: Random bit

Imagine you have a random bit generator, which outputs one bit. The classical possibili-
ties of this generator are 0 and 1.

We will always assume the classical possibilities to be ordered in some way (even if it is
an arbitrary one), like the deterministic possibilities. In the example above, the classical
possibilities are 0, 1 not 1, 0. We will need this to know the order of entries in vectors and
matrices later.

3.2 Quantum states

One of the most important element of the quantum world is a quantum state. A quantum
state describes the state of a quantum system as a vector. Each entry of the vector represents
a classical possibility (similar to the deterministic possibilities in a probability distribution).
The entries of a quantum state are called amplitude. In contrast to a probabilistic system,
these entries can be negative and are also complex numbers.

These amplitudes tell us the probability of the quantum state being in the corresponding
classical possibility. To calculate the probabilities from the amplitude, we can take the square
of the absolute value of the amplitude.

This means that for the classical possibility 𝑥 and a quantum state 𝜓 the probability for 𝑥
is Pr[𝑥] = |𝜓|2. To have valid probabilities, the sum of all probabilities need to sum up to 1.
From this we get the formal definition of a quantum state:
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Definition 3.1 (Quantum State). A quantum state is a vector 𝜓 ∈ ℂ𝑛 with
√∑𝑛

𝑖=1 |𝜓𝑖|2 = 1.

Example: Some Quantum states

The following vectors are valid quantum states with the classical possibilities 0 and 1:

|0⟩ ∶= (1
0) , |1⟩ ∶= (0

1) , |+⟩ ∶= (
1√
21√
2
) , |−⟩ ∶= (

1√
2

− 1√
2
) .

Note that the symbol |⟩ is not yet introduced, so just understand it as some label at this
point. The probabilities for each state can be calculated as follows:

|0⟩ ∶ Pr[0] = |1|2 = 1 Pr[1] = |0|2 = 0,
|1⟩ ∶ Pr[0] = |0|2 = 0 Pr[1] = |1|2 = 1,
|+⟩ ∶ Pr[0] = | 1√

2 |2 = 1
2 Pr[1] = | 1√

2 |2 = 1
2 ,

|−⟩ ∶ Pr[0] = | 1√
2 |2 = 1

2 Pr[1] = | −1√
2 |2 = 1

2 .

We can see here that two different quantum states (|+⟩ and |−⟩) can have the same
probabilities for all classical possibilities.

3.3 Unitary transformation

We now have defined quantum states and need a way to describe some processes, which we
want to apply on the quantum states. In the probabilistic world, we have stochastic matrices
for this, but unfortunately we can not use these matrices on quantum states, since the output
of applying these on a quantum state is not guaranteed to be a quantum state again. We
therefore look for a different property of a matrix for which the outcome of applying that
matrix is guaranteed to be a quantum state. The following Lemma is therefore useful.

Lemma 3.1 (Unitary matrix). For a square matrix 𝑈 , the following are equivalent:

• 𝑈 maps every quantum state to a quantum state,
• 𝑈†𝑈 = 𝐼 and 𝑈𝑈† = 𝐼,
• 𝑈†𝑈 = 𝐼,
• all columns are quantum states and mutually orthogonal.
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Definition 3.2 (Unitary transformation). A matrix 𝑈 is called unitary iff 𝑈†𝑈 = 𝐼 and
𝑈𝑈† = 𝐼 .

Then the evolution of a quantum state is always described by a unitary matrix. So if the
current state is 𝜓 and we apply the transformation matrix 𝑈 , the state is 𝑈𝜓 afterwards.

A unitary matrix is by definition invertible, therefore we can undo all unitary transformations
by applying 𝑈†.

Example: Some Unitary transformations

The following matrices are examples for unitary transformations:

𝑋 = (0 1
1 0) , 𝑌 = (0 −𝑖

𝑖 0 ) , 𝑍 = (1 0
0 −1) .

These matrices are called Pauli-matrices, we will get to know them later on.
As an example for applying a unitary on a quantum state, we apply the Pauli 𝑋 matrix
on the quantum state |0⟩:

𝑋 |0⟩ = (0 1
1 0) ⋅ (1

0) = (0
1) = |1⟩ .

4 Observing probabilistic and measuring
quantum systems

So far we only talked about the description of a probabilistic and a quantum system. We now
look into observing/measuring those systems.

4.1 Observing a probabilistic system

Observing a probabilistic system is the process of learning the outcome from a probability
distribution. If our probability distribution for example represents a coin flip, observing this
distribution is equivalent to actually flipping the coin. In the probabilistic case, an observation
is just about updating our knowledge or beliefs. This will be different in the quantum case.
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Definition 4.1 (Observing a probabilistic system). Given a probability distribution
𝑑 ∈ ℝ𝑛, we will get the outcome 𝑖 with a probability 𝑑𝑖. The new distribution is then

𝑒𝑖 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0
⋮
0
1
0
⋮
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

← 1 at the 𝑖-th position.

The intuition for the new distribution is that we know after observing that 𝑖 is the deterministic
possibility for sure.

When observing a probabilistic system, the observation is just a passive process with no impact
on the system. This means that there is no difference to the end result, whether we observe
during the process or not. We take a look at an example to further understand this.

Example: Random 1-bit number

We use a random 1-bit number example similar to the random 2-bit example from Chap-

ter 2. We have a distribution 𝑑1-bit = (
1
21
2
) which represents the probability distribution of

generating a 1-bit number with equal probability. We also have a process 𝐴flip = (
2
3

1
3

1
3

2
3
)

which flips the bit with a probability of 1
3 .

We look at two different cases: For the first case, we observe only the final distribution
and for the second case we observe after the generation of the 1-bit number and we also
observe the final distribution.

Observing the final distribution
From Section 2.3 we know that the final distribution 𝑑 is

𝑑 = 𝐴flip ⋅ 𝑑1-bit = (
2
3

1
3

1
3

2
3
) (

1
2
1
2
) = (

1
2
1
2
) .

We observe this distribution and will get outcome 0 and the new distribution 𝑑 = 𝑒0 =
(1

0) with a probability of Pr[0] = 𝑑0 = 1
2 . We get the outcome 1 and the new distribution

𝑑 = 𝑒1 = (0
1) with a probability of Pr[1] = 𝑑1 = 1

2 .
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Observing after generation and the final distribution
We now observe the system after the generation of the 1-bit number and also observe the
final distribution. After the generation, we will get outcome 0 and the new distribution

𝑑 = 𝑒0 = (1
0) with a probability of Pr[0] = 𝑑0 = 1

2 . We get the outcome 1 and the new

distribution 𝑑 = 𝑒1 = (0
1) with a probability of Pr[1] = 𝑑1 = 1

2 .

We now apply in each case the matrix 𝐴flip. This will give us the outcome 𝐴flip ⋅ (1
0) =

(
2
31
3
) for the case of the outcome 0 and the outcome 𝐴flip ⋅ (0

1) = (
1
32
3
) for the case of

the outcome 1. If we observe the distribution (
2
31
3
), we will get the outcome 0 and the

new distribution 𝑑 = 𝑒0 = (1
0) with a probability of Pr[0] = 2

3 and the outcome 1 and

the new distribution 𝑑 = 𝑒1 = (0
1) with a probability of Pr[1] = 1

3 . If we observe the

distribution (
1
32
3
), we will get the outcome 0 and the new distribution 𝑑 = 𝑒0 = (1

0) with

a probability of Pr[0] = 1
3 and the outcome 1 and the new distribution 𝑑 = 𝑒1 = (0

1)
with a probability of Pr[1] = 2

3 .
Combining these probabilities, we get the total probability Pr[0] = 1

2
2
3 + 1

2
1
3 = 1

2 for the
outcome 0 and the probability Pr[1] = 1

2
1
3 + 1

2
2
3 = 1

2 for the outcome 1. This is the same
as observing the final distribution.

4.2 Measuring a quantum system

Unlike in the probabilistic system, the “observation” of a quantum system is called measuring.
The definition is similar to the observation of a probabilistic system, except that we need
to take the absolute square of the amplitude to get the probability and that the state after
measuring is called post-measurement-state (p.m.s.).

Definition 4.2 (Measuring a quantum system). Given a quantum State 𝜓 ∈ ℂ𝑛, we will
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get the outcome 𝑖 with a probability |𝜓𝑖|2. The post-measurement-state (p.m.s.) is then

𝑒𝑖 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0
⋮
0
1
0
⋮
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

← 1 at the 𝑖-th position.

This is called a complete measurement in the computational basis.

With this similarity to the probabilistic observation in the definition, one might assume that
measuring a quantum state has also no impact on the system. This is not the case, mea-
suring a quantum state changes the system! We can see this effect with an example:

Example: Measuring a quantum system

Let 𝜓 = (
1√
21√
2
) be a quantum state and 𝐻 = 1√

2 (1 1
1 −1) be a unitary transformation.

We look at two different cases: First we apply 𝐻 immediately and then measure the
system. As a second case, we do a measurement before the application of the 𝐻 unitary
and then a measurement after applying it.

Measure the final state
We first calculate the state after applying 𝐻:

𝐻𝜓 = 1√
2

(1 1
1 −1) (

1√
21√
2
) = (1

0) .

Measuring this state will get the outcome 0 with probability Pr[0] = |𝜓0|2 = 1 and have

the post-measurement-state (1
0). The outcome 1 can never occur, i.e. Pr[1] = |𝜓1|2 = 0

Measure the initial and the final state
Measuring 𝜓 with no further unitary matrices applied can have the outcome 0 or 1. We
will look at the final measurement for each case:
The first measurement will have outcome 0 with probability Pr[0] = |𝜓0|2 = 1

2 and the

post-measurement-state will be (1
0). 𝐻 applied to this post-measurement-state will be

𝐻 (1
0) = (

1√
21√
2
). When measuring this state, we will get the outcome 0 with probability
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Pr[0] = | 1√
2 |2 = 1

2 and outcome 1 with with probability Pr[1] = | 1√
2 |2 = 1

2 .
The outcome 1 will appear at the initial state with probability Pr[1] = |𝜓1|2 = 1

2 and

the post-measurement-state will be (0
1). 𝐻 applied to this post-measurement-state will

be 𝐻 (0
1) = (

1√
2

− 1√
2
). When measuring this state, we will get the outcome 0 with

probability Pr[0] = | 1√
2 |2 = 1

2 and outcome 1 with with probability Pr[1] = | − 1√
2 |2 = 1

2 .
So independent of the outcome of the first measurement, at the second measurement
the outcome 0 and 1 have a probability of 1

2 . This shows that when measuring before
applying 𝐻, we will receive different probabilities for the second measurement, then when
measuring only at the end. This proves that measurements can change the system.

4.3 Elitzur–Vaidman bomb tester

This section will be updated later on.

5 Partial observing and measuring systems

In the previous chapter, we looked into observing a probabilistic and measuring a quantum
system. In this approach, we alway looked at the full system. This means that we either have
no measurement at all or we know the exact possibility, in which our system is.

For larger systems, this can become quite complicated, as we might not need the full measure-
ment, but only some partial information. For example if we consider a dice throw, we might
not need the final number of the dice, but we are only interested if it is an even or an odd
number. To archive this, we can do a partial observation on a probabilistic system.

5.1 Partially observing a probabilistic system

To perform a partial observation on a probabilistic system, we first decide on which alternatives
we want to distinguish. Each alternative is described by a set 𝐴 of deterministic possibilities.
By performing the partial observation, we will get for each alternative 𝐴 the probability that
the system is in a deterministic state in 𝐴.
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Definition 5.1 (Partially observing a probabilistic system). Given a probabilistic system
with deterministic possibilities 𝑋 = (𝑥1, … , 𝑥𝑛), a distribution 𝜇 ∈ ℝ𝑁 and a family of
alternatives 𝐴1, … , 𝐴𝑚 with 𝐴𝑖 ∩𝐴𝑗 = ∅ and ⋃𝑖 𝐴𝑖 = 𝑋, the probability of observing the
alternative 𝑘 is given by

Pr[outcome = 𝑘] = ∑
𝑥𝑖∈𝐴𝑘

𝜇(𝑥𝑖).

The distribution 𝑣 after the observation of the outcome 𝑘 is given by the (normalized)
conditional distribution:

𝑣 =
⎛⎜⎜⎜⎜
⎝

𝑣1
𝑣2
⋮

𝑣𝑁

⎞⎟⎟⎟⎟
⎠

with 𝑣𝑖 ∶= {
𝜇𝑖

Pr[outcome=𝑘] if 𝑥𝑖 ∈ 𝐴𝑘
0 if 𝑥𝑖 ∉ 𝐴𝑘

.

Note: In this definition we were careful to distinguish between the names 𝑥𝑖 of the deterministic
possibilities and their number 𝑖 (e.g. when writing 𝜇𝑖). We will often be less precise and simply
pretend the deterministic possibilities are the number 1, … , 𝑁 . That is, we would write the
definition as follows and pretend it means the above:

Definition 5.2 (Partially observing a probabilistic system). Given a distribution 𝜇 ∈ ℝ𝑁

and a family of alternatives 𝐴1, … , 𝐴𝑚 ⊆ {1, … , 𝑁} with 𝐴𝑖 ∩ 𝐴𝑗 = ∅ and ⋃𝑖 𝐴𝑖 =
{1, … , 𝑁}, the probability of observing the alternative 𝑘 is given by

Pr[outcome = 𝑘] = ∑
𝑖∈𝐴𝑘

𝜇𝑖.

The distribution 𝑣 after the observation of the outcome 𝑘 is given by the conditional
distribution:

𝑣 =
⎛⎜⎜⎜⎜
⎝

𝑣1
𝑣2
⋮

𝑣𝑁

⎞⎟⎟⎟⎟
⎠

with 𝑣𝑖 ∶= {
𝜇𝑖

Pr[outcome=𝑘] if 𝑖 ∈ 𝐴𝑘
0 if 𝑖 ∉ 𝐴𝑘

.

Note that similar to the full observation of a probabilistic system a partial observation does
not actually change the system. We only get some new knowledge. In particular, a third
person can never notice wether we observed the system or not.

Example: Partially observing a probabilistic system

A fair dice was rolled and it is only known that it is not a 5. Thus the distribution 𝜇 is
given by
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𝜇 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1
5
1
5
1
5
1
5
0
1
5

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

Now we want to observe whether the number is low (≤ 3) or high (≥ 4). This means
we have two alternatives: 𝐴low = {1, 2, 3} and 𝐴high = {4, 5, 6}. We therefore obtain the
following probabilities for these two alternatives

Pr[outcome = low] = 1
5 + 1

5 + 1
5 = 3

5,

Pr[outcome = hight] = 1
5 + 0 + 1

5 = 2
5.

The conditional distribution after the outcome low is

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1
5/3

5
1
5/3

5
1
5/3

5
0
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1
3
1
3
1
3
0
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

That is, we know we have a uniformly random number from , 1, 2, 3, but don’t know
which. And after the outcome high the conditional distribution is

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0
0
0

1
5/2

5
0/2

5
1
5/2

5

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0
0
0
1
2
0
1
2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

5.2 Partially measuring a quantum system

Similar to the partial observation of a probabilistic system, we can perform a partial measure-
ment on a quantum system.

19



Definition 5.3 (Partially measuring a quantum system). Given a quantum system with
classical possibilities 𝑋 = (𝑥1, … , 𝑥𝑛), a quantum state 𝜇 ∈ ℂ𝑁 and a family of alter-
natives 𝐴1, … , 𝐴𝑚 with 𝐴𝑖 ∩ 𝐴𝑗 = ∅ and ⋃𝑖 𝐴𝑖 = 𝑋, the probability of observing the
alternative 𝑘 is given by

Pr[outcome = 𝑘] = ∑
𝑥𝑖∈𝐴𝑘

|𝜓(𝑥𝑖)|2.

The post-measurement-state of the outcome 𝑘 is computed as follows:

1. Computing the non-normalized post-measurement-state 𝜙(𝑘) denoted by 𝜙(𝑘) ∶=
(𝜙1, … , 𝜙𝑁) with

𝜙𝑖 ∶= {𝜓𝑖 if 𝑥𝑖 ∈ 𝐴𝑘
0 if 𝑥𝑖 ∈ 𝐴𝑘

.

2. Computing the normalized post-measurement-state by calculating:

post-measurement-state ≔ 𝜙(𝑘)

‖𝜙(𝑘)‖ = 𝜙(𝑘)

√Pr[outcome = 𝑘]
.

As in Definition 5.1, we were precise about the difference between the classical possibility 𝑥𝑖
and their numbers but will not always be so precise in the future.

As with the complete measurement for quantum systems, the measurement can change the
system. Note that there exist other types of definitions for a measurement e.g. projective
measurements, generalized measurements, POVMs, … The variant above can best be described
as a “projective measurement in the computational basis”.

There is a slight difference between this definition and Definition 4.2, namely if you compute
the post-measurement-state, you may get a different result. The two post-measurement-states
can differ by a factor 𝑐 ∈ ℂ with |𝑐| = 1, called a “global phase”. Such a global phase makes
no observable physical difference, so this “contradiction” is not a problem.

Example: Partially measuring a quantum system

A photon is in superposition between the 4 paths left, right, top and bottom:

𝜓 =
⎛⎜⎜⎜⎜⎜
⎝

1
10

− 3
10

9
10 𝑖
3

10

⎞⎟⎟⎟⎟⎟
⎠

.

There are two alternatives: 𝐴horizontal, so that the photon is in the left or right path,
and 𝐴vertical, so that the photon is in the top or bottom path. We therefore obtain the
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following probabilities for these two alternatives

Pr[𝐴horizontal] = ∣ 1
10∣

2
+ ∣− 3

10∣
2

= 1
100 + 9

100 = 1
10,

Pr[𝐴vertical] = ∣ 9
10𝑖∣

2
+ ∣ 3

10∣
2

= 81
100 + 9

100 = 9
10.

The normalized post-measurement-state for the alternative 𝐴horizontal is

⎛⎜⎜⎜⎜⎜
⎝

1
10

− 3
10
0
0

⎞⎟⎟⎟⎟⎟
⎠

/√ 1
10 =

⎛⎜⎜⎜⎜⎜
⎝

1√
10

− 3√
10

0
0

⎞⎟⎟⎟⎟⎟
⎠

For the alternative 𝐴vertical the normalized post-measurement-state is

⎛⎜⎜⎜⎜⎜
⎝

0
0
9

10 𝑖
3

10

⎞⎟⎟⎟⎟⎟
⎠

/√ 9
10 =

⎛⎜⎜⎜⎜⎜⎜
⎝

0
0
3√
10 𝑖
1√
10

⎞⎟⎟⎟⎟⎟⎟
⎠

.

6 Composite Systems

So far our probabilistic and quantum systems consist of only one single distribution/state. In
the real world, quantum computers often have several different registers (variables).

In theory, we could use a single very big distribution/state to model multiple qubits.
For example a 10 qubit system could be modeled with the classical possibilities
0000000000, 0000000001, … , 1111111110, 1111111111.

Unfortunately the vector for these states gets really big, for 10 qubits, the vector would have
the dimension of 1024. Since this is very inconvenient to write down, we need to look at a
different solution. For this, we compose different probabilistic or quantum systems with each
other.
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6.1 Constructing composite systems

Definition 6.1 (Composite systems / Tensor product). Given two probabilistic or quan-
tum systems 𝐴 and 𝐵 with the possibilities of 𝐴 given by 𝑥1, … , 𝑥𝑁 and a distribu-
tion/state 𝜇𝐴 and with the possibilities of 𝐵 given by 𝑦1, … , 𝑦𝑀 and a distribution/state
𝜇𝐵, the composite system called 𝐴𝐵 has the possibilities

𝑥1𝑦1, 𝑥1𝑦2, … , 𝑥1𝑦𝑀 , 𝑥2𝑦1, 𝑥2𝑦2, … , 𝑥2𝑦𝑀 , … , 𝑥𝑁𝑦1, 𝑥𝑁𝑦2, … , 𝑥𝑁𝑦𝑀

and the distribution/state 𝜇𝐴𝐵 of 𝐴𝐵 is given by the tensor product

𝜇𝐴𝐵 ≔ 𝜇𝐴 ⊗ 𝜇𝐵 = ⎛⎜
⎝

(𝜇𝐴)1 ⋅ 𝜇𝑏
⋮

(𝜇𝐴)𝑁 ⋅ 𝜇𝑏

⎞⎟
⎠

.

This vector has the size 𝑁𝑀 . Here (𝜇𝐴)𝑖 stands for the i-th entry of 𝜇𝐴.

The definition of combining a probabilistic and a quantum system are the same.

Notice that the entry corresponding to the possibility 𝑥𝑖𝑦𝑗 in the composite system is then
(𝜇𝐴𝐵)𝑥𝑖𝑦𝑗

= (𝜇𝐴)𝑥𝑖
(𝜇𝐵)𝑦𝑗

. Here we identify the classical possibility 𝑥𝑖 and 𝑦𝑗 with the indices
1, … , 𝑁 and 1, … , 𝑀 , respectively the classical possibility 𝑥𝑖𝑦𝑗 with the indices 1, … , 𝑁𝑀 . (So
(𝜇𝐴𝐵)𝑥𝑖𝑦𝑗

has just one index, namely 𝑥𝑖𝑦𝑗 ∈ {1, … 𝑁𝑀}.)

Example: Composite system

Let the distributions for the system 𝐴 with the possibilities 1, 2 and the system 𝐵 with
the possibilities 𝑎, 𝑏, 𝑐 be given by

𝜇𝐴 = (
1√
2

− 1√
2
) , 𝜇𝐵 = ⎛⎜⎜

⎝

1
2
0√
3

2

⎞⎟⎟
⎠

.

Then the composite system 𝐴𝐵 has the possibilities 1𝑎, 1𝑏, 1𝑐, 2𝑎, 2𝑏, 2𝑐 and the distribu-
tion

𝜇𝐴𝐵 = 𝜇𝐴 ⊗ 𝜇𝐵 = (
1√
2

− 1√
2
) ⊗ ⎛⎜⎜

⎝

1
2
0√
3

2

⎞⎟⎟
⎠

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1√
2 ⋅ 1

2
1√
2 ⋅ 0

1√
2 ⋅

√
3

2
− 1√

2 ⋅ 1
2

− 1√
2 ⋅ 0

− 1√
2 ⋅

√
3

2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1
2

√
2

0
√

3
2

√
2

− 1
2

√
2

0
−

√
3

2
√

2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.
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We now need a way to apply operators on these combined systems. For this we can also con-
struct the tensor product of either two probabilistic processes or two unitary transformations
by using the tensor product of two matrices.

Definition 6.2 (Composite matrices / Tensor product). Given two matrices 𝑆 and 𝑇
with 𝑆 of the size 𝑁 × 𝑁 and 𝑇 of the size 𝑀 × 𝑀 . The tensor product 𝑆 ⊗ 𝑇 of is given
by

𝑆 ⊗ 𝑇 = ⎛⎜
⎝

𝑆11𝑇 … 𝑆1𝑁𝑇
⋮ ⋱ ⋮

𝑆𝑁1𝑇 … 𝑆𝑁𝑁𝑇
⎞⎟
⎠

.

Overall we can say: If we apply 𝑆 to the system 𝐴 and 𝑇 to the system 𝐵, we apply 𝑆 ⊗ 𝑇 to
the composite system 𝐴𝐵.

If the distribution 𝑑𝐴𝐵 of a given probabilistic system 𝐴𝐵 can be written as a composite of two
distributions 𝑑𝐴 and 𝑑𝐵, we know that 𝐴 and 𝐵 are independent of each other. If we cannot
write 𝑑𝐴𝐵 as two separate distributions, the probabilities are depended on each other.

If the quantum state 𝜓𝐴𝐵 of a given quantum system 𝐴𝐵 can be written as a composite of two
different quantum states 𝜓𝐴 and 𝜓𝐵, the quantum states of 𝐴 and 𝐵 are independent of each
other. If we can not write 𝜓𝐴𝐵 as a tensor product of two quantum systems, the quantum
states depend on each other. We call this entangled.

Lemma 6.1. For the (unitary) matrices 𝐴, 𝐵, 𝐶 and 𝐷, the vectors (quantum states)
𝜓, 𝜙 and 𝜒 and the constant 𝑐, the following applies

• (𝐴 ⊗ 𝐵)(𝜓 ⊗ 𝜙) = 𝐴𝜓 ⊗ 𝐵𝜙,
• (𝐴 ⊗ 𝐵)(𝐶 ⊗ 𝐷) = 𝐴𝐶 ⊗ 𝐵𝐷,
• 𝜓 ⊗ (𝜙 + 𝜒) = (𝜓 ⊗ 𝜙) + (𝜙 ⊗ 𝜒),
• (𝜓 + 𝜙) ⊗ 𝜒 = (𝜓 ⊗ 𝜒) + (𝜙 ⊗ 𝜒),
• 𝐴 ⊗ (𝐵 + 𝐶) = (𝐴 ⊗ 𝐵) + (𝐴 ⊗ 𝐶),
• (𝐴 + 𝐵) ⊗ 𝐶 = (𝐴 ⊗ 𝐶) + (𝐵 ⊗ 𝐶),
• 𝑐𝜙 ⊗ 𝜓 = 𝑐(𝜙 ⊗ 𝜓),
• 𝜙 ⊗ 𝑐𝜓 = 𝑐(𝜙 ⊗ 𝜓),
• 𝐴 ⊗ 𝑐𝐵 = 𝑐(𝐴 ⊗ 𝐵) and
• 𝑐𝐴 ⊗ 𝐵 = 𝑐(𝐴 ⊗ 𝐵).

These rules only apply if the dimensions of the matrices and vectors match.
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6.2 Measuring composite systems

To perform a (partial) observation or (partial) measurement on a composite system 𝐴𝐵, we
can compose two separate measurements on the systems 𝐴 and 𝐵 similar as we constructed
the tensor product.

Definition 6.3 (Composite measurements). Given two systems 𝐴 and 𝐵 with possi-
bilities 1, … , 𝑁 and 1, … , 𝑀 and two partial measurements 𝑀𝐴 and 𝑀𝐵 on systems 𝐴
and 𝐵 with alternatives 𝐴1, … , 𝐴𝑁 ⊆ {𝑥1, … , 𝑥𝑛} and 𝐵1, … , 𝐵𝑀 ⊆ {𝑦1, … , 𝑦𝑀}. The
measurement 𝑀𝐴 ⊗𝑀𝐵 on 𝐴𝐵 is a measurement with the alternatives 𝐶11, 𝐶12, … , 𝐶𝑁𝑀
where 𝐶𝑖𝑗 = 𝐴𝑖 × 𝐵𝑗.
If we only have a set of alternatives for system 𝐴, we can do a measurement 𝑀𝐴 ⊗𝐼 with
alternatives 𝐶1, … , 𝐶𝑁 ∶= 𝐴 ⊗ {𝑦1, … , 𝑦𝑀}.

Example: Composite measurement (quantum)

Let 𝐴 be a system with the states 1, 2, 3 and 𝜇𝐴 a measurement with the two alternatives
𝐴low = {1, 2}, 𝐴high = {3}. The quantum state is

𝜓𝐴 = ⎛⎜⎜
⎝

2
3
1
3

−2
3

⎞⎟⎟
⎠

.

Another system 𝐵 has the states 𝑎, 𝑏, 𝑐. The measurement 𝜇𝐵 the two alternatives
𝐵vocal = {𝑎}, 𝐵consonant = {𝑏, 𝑐}. The quantum state is

𝜓𝐵 = ⎛⎜⎜
⎝

1
2
1
2 𝑖
1√
2

⎞⎟⎟
⎠

.

So the composite system 𝐶 = 𝐴𝐵 has the classical possibilities 1𝑎, 1𝑏, 1𝑐, 2𝑎, 2𝑏, 2𝑐, 3𝑎, 3𝑏
and 3𝑐. The measurement 𝜇𝐶 ≔ 𝜇𝐴 ⊗ 𝜇𝐵 has the alternatives

𝐶low, vocal = {1𝑎, 2𝑎}, 𝐶low, consonant = {1𝑏, 1𝑐, 2𝑏, 2𝑐},
𝐶high, vocal = {3𝑎}, 𝐶high, consonant = {3𝑏, 3𝑐}.
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The quantum state is

𝜓𝐶 = 𝜓𝐴 ⊗ 𝜓𝐵 = ⎛⎜⎜
⎝

2
3
1
3

−2
3

⎞⎟⎟
⎠

⊗ ⎛⎜⎜
⎝

1
2
1
2 𝑖
1√
2

⎞⎟⎟
⎠

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

2
6
2
6 𝑖
2

3
√

2
1
6
1
6 𝑖
1

3
√

2
−2

6
−2

6 𝑖
− 2

3
√

2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

We get for the alternative 𝐶low, vocal the probability

∣26 ∣
2

+ ∣16∣
2

= 4
36 + 1

36 = 5
36

and thus the post-measurement-state is

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

2
6
0
0
1
6
0
0
0
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

/√ 5
36 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

2
6
0
0
1
6
0
0
0
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

/
√

5
6 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

2√
5

0
0
1√
5

0
0
0
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

7 Quantum Circuits

In the previous chapters, we learned the basics on how to construct a quantum computer. We
will now start constructing quantum circuits from these. Note that we will no longer look into
probabilistic systems.
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The quantum systems which we consider in the following sections consist of qubits, unless
specified otherwise. A qubit is a quantum state 𝜓 with 𝜓 ∈ ℂ2.

7.1 Visual language

So far we have only seen the elements of quantum computers in a mathematical form (i.e.,
as formulas). When constructing quantum circuits, this can get very unreadable very fast.
Therefore we can draw quantum circuits as a picture, which also helps us to get a better
intuition for these circuits. You can see a very simple example here:

|0⟩ X

U

|+⟩ H H

Figure 7.1: A basic quantum circuit

In this circuit we have two qubits |0⟩ and |+⟩, which are drawn as separate wires. Note that
the symbol |⟩ is introduced in the next chapter, so just understand it as a name for some
state at this point. We first apply the unitary 𝑋 on the top wire to |0⟩ and at the same time
we apply the unitary 𝐻 at the bottom wire to |+⟩. Mathematically this can be written as
(𝑋 ⊗ 𝐻)(|0⟩ ⊗ |+⟩). Next we apply the unitary 𝑈 , which operates on both qubits. After this,
we apply a unitary 𝐻 on the bottom wire. Since we do not apply anything on the top wire,
we can write this mathematically as 𝐼 ⊗ 𝐻. Finally we measure the top qubit. This means
a complete measurement in the computational basis of the qubit as described in Section 4.2.
The meaning of the unitaries used is explained in the next section. A wire can contain multiple
qubits, depending on the context.

7.2 Important gates

When working with quantum computers, we encounter some of the same unitaries very often.
We distinguish between single qubit gates (unitary transformations ∈ ℂ2×2) and gates on
multiple qubits.

7.2.1 Single qubit gates

The following gates are relevant single qubit gates:
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Definition 7.1 (Identity matrix). The identity matrix 𝐼 is defined as

𝐼 = (1 0
0 1) .

This matrix is for example useful if a qubit/wire is to remain unchanged. The identity matrix
also exists in other sizes.

Definition 7.2 (Pauli matrices). The Pauli matrices 𝑋, 𝑌 and 𝑍 are defined as

𝑋 = (0 1
1 0) , 𝑌 = (0 −𝑖

𝑖 0 ) , 𝑍 = (1 0
0 −1) .

Note that 𝑋 is also called bit-flip.

Definition 7.3 (Hadamard gate). The Hadamard gate 𝐻 is defined as

𝐻 = 1√
2

(1 1
1 −1) .

The Hadamard gate is useful for introducing superpositions as it takes a classical bit (1
0) and

transforms it into a superposition (
1√
21√
2
).

7.2.2 Controlled-NOT gate

The gates introduced above only operate on a single qubit. To connect two different qubits,
we need gates which operate on multiple qubits. For this we introduce the controlled-not:

Definition 7.4 (Controlled-NOT gate). The controlled-NOT gate CNOT ∈ ℂ4×4 is
defined as

CNOT =
⎛⎜⎜⎜⎜
⎝

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎞⎟⎟⎟⎟
⎠

.

The CNOT gate flips the qubit of the second qubit if the first qubit is 1. We call the
first wire the controlling wire and the second wire the target wire. It can be drawn in a
quantum circuit as follows:
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Figure 7.2: Controlled-NOT in a quantum circuit

If the second qubit should be the controlling wire and the first qubit the target wire, we
can use CNOT′ denoted as

CNOT′ =
⎛⎜⎜⎜⎜
⎝

1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

⎞⎟⎟⎟⎟
⎠

.

Accordingly, the quantum circuit is drawn the other way round.

Figure 7.3: Controlled-NOT’ in a quantum circuit

7.3 Teleportation

We are now looking at an example quantum circuit.

Example: Teleportation

Assumed: Alice has a qubit 𝜓 and wants to send it to Bob. But only classic commu-
nication is possible, no quantum communication. However, they can share a state 𝛽00
beforehand.
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A1

A2

B

ψ H

a

β00

b

X

if b = 1

Z

if a = 1

ϕ1 ϕ2 ϕ3 ϕ4 ϕ5 ϕ6

Figure 7.4: Circuit for qubit teleportation

1. Alice has the state 𝜓 = (𝛼
𝛽) and the shared state is 𝛽00 =

⎛⎜⎜⎜⎜
⎝

1/
√

2
0
0

1/
√

2

⎞⎟⎟⎟⎟
⎠

. This means

that the entire state is

𝜙1 = 𝜓 ⊗ 𝛽00 = (𝛼
𝛽) ⊗

⎛⎜⎜⎜⎜
⎝

1
0
0
1

⎞⎟⎟⎟⎟
⎠

/
√

2 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝛼
0
0
𝛼
𝛽
0
0
𝛽

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

/
√

2.

2. The CNOT can be extended to CNOT ⊗ I2 using the identity matrix:

𝜙2 = (CNOT ⊗ I2)𝜙1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝛼
0
0
𝛼
𝛽
0
0
𝛽

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

/
√

2 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝛼
0
0
𝛼
0
𝛽
𝛽
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

/
√

2.
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3. Identical to step 2, the Hadamard gate can be extended with the identity matrix:

𝜙3 = (H ⊗ I4)𝜙2 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
1 0 0 0 −1 0 0 0
0 1 0 0 0 −1 0 0
0 0 1 0 0 0 −1 0
0 0 0 1 0 0 0 −1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

/
√

2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝛼
0
0
𝛼
0
𝛽
𝛽
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

/
√

2 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝛼
𝛽
𝛽
𝛼
𝛼

−𝛽
−𝛽
𝛼

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

/2.

4. Here we assume that 𝑎 = 0 and 𝑏 = 1. It applies |𝛼|2 + |𝛽|2 = 1 because 𝜓 is a
quantum state. Therefore the probability for this is

∣𝛽2 ∣
2

+ ∣𝛼2 ∣
2

= |𝛼|2 + |𝛽|2
4 = 1

4
and the post-measurement-state

𝜙4 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0
0
𝛽
𝛼
0
0
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

/2/√1
4 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0
0
𝛽
𝛼
0
0
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

5. Since 𝑏 = 1, the Pauli-matrix X is used:

𝜙5 = (I4 ⊗ X)𝜙4 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0
0
𝛽
𝛼
0
0
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0
0
𝛼
𝛽
0
0
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.
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6. Since 𝑎 = 0, nothing happens in this step:

𝜙6 = 𝜙5 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0
0
𝛼
𝛽
0
0
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

=
⎛⎜⎜⎜⎜
⎝

0
1
0
0

⎞⎟⎟⎟⎟
⎠

⊗ (𝛼
𝛽) =

⎛⎜⎜⎜⎜
⎝

0
1
0
0

⎞⎟⎟⎟⎟
⎠

⊗ 𝜓.

So now Bob is aware of 𝜓 and Alice has the now useless state (0 1 0 0)𝑇 . Note that
Bob would also have 𝜓 for all other results of 𝑎 and 𝑏.

8 Ket Notation

So far we have only seen vectors as a way to mathematically describe a quantum state. This
can get quite inconvenient if the vector get bigger and also often contains not that much useful
information (e.g. a lot of 0 entries). We therefore introduce a new form of writing quantum
states called the ket notation.

The idea works as follows: We can rewrite a quantum state 𝜓 in the following way

𝜓 =
⎛⎜⎜⎜⎜
⎝

𝜓1
𝜓2
⋮

𝜓𝑁

⎞⎟⎟⎟⎟
⎠

= 𝜓1
⎛⎜⎜⎜⎜
⎝

1
0
⋮
0

⎞⎟⎟⎟⎟
⎠

+ 𝜓2
⎛⎜⎜⎜⎜
⎝

0
1
⋮
0

⎞⎟⎟⎟⎟
⎠

+ ⋯ + 𝜓𝑁
⎛⎜⎜⎜⎜
⎝

0
0
⋮
1

⎞⎟⎟⎟⎟
⎠

=
𝑁

∑
𝑖=1

𝜓𝑖 ⋅ 𝑒𝑖.

The vector 𝑒𝑖 denotes the vector with 0 entries at every position except the 𝑖-th position, where
the entry is 1.

From this notation we already get an advantage, since we can drop out all 0-entries. But we
still have no intuitive mapping from the vector 𝑒𝑖 to the classical possibility represented by
𝑒𝑖. For example, 𝑒123 can represent the classical possibility “red,4,top”. For this we use a |⟩
symbol. More precise this means for a classical possibility 𝑥, which is the 𝑖-th possibility and
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is represented by 𝑒𝑖, we write

|𝑥⟩ ∶= 𝑒𝑖 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0
⋮
0
1
0
⋮
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

← 1 at the 𝑖-th position.

In the example, we would therefore write |red,4,top⟩ for 𝑒123.

Example: Ket notation

Given a quantum system with the classical possibilities 00, 01, 10 and 11, the quantum
state 𝜓 = ( 1√

2 0 0 1√
2)𝑇

can be written as

𝜓 =
⎛⎜⎜⎜⎜
⎝

1√
2

0
0
1√
2

⎞⎟⎟⎟⎟
⎠

= 1√
2

|00⟩ + 1√
2

|11⟩ .

Written like this, we can see at first glance that this is a superposition of the classical
possibilities 00 and 11. Writing 𝜓 = 1√

2𝑒1 + 1√
2𝑒4 would be less obvious.

Note that the ket notation can also be used in a few other ways. We can use it as described
above to the state |𝑥⟩ corresponding to the classical possibility 𝑥, but we also use it to empha-
size that 𝜓 is a quantum state by writing |𝜓⟩ (here 𝜓 is not a classical possibility). We also
have two special cases |+⟩ and |−⟩ which are defined as follows:

|+⟩ ∶= 1√
2

|0⟩ + 1√
2

|1⟩ ,

|−⟩ ∶= 1√
2

|0⟩ − 1√
2

|1⟩ .

Which of the meanings of the symbol |⟩ is meant has to be deduced from the context.

8.1 Teleportation

We take another look at the example from the last chapter with ket notation.
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Example: Teleportation

Once again, Alice has the qubit 𝜓 and Alice and Bob have shared the state 𝛽00.

A1

A2

B

|ψ⟩ H

a

|β00⟩

b

X

if b = 1

Z

if a = 1

|ϕ1⟩ |ϕ2⟩ |ϕ3⟩ |ϕ4⟩ |ϕ5⟩ |ϕ6⟩

Figure 8.1: Circuit for qubit teleportation

1. Alice has the state |𝜓⟩ = (𝛼
𝛽) = 𝛼 |0⟩ + 𝛽 |1⟩ and the shared state is |𝛽00⟩ =

( 1√
2 0 0 1√

2)𝑇 = 1√
2 |00⟩ + 1√

2 |11⟩. This means that the entire state is

|𝜙1⟩ = |𝜓⟩ ⊗ |𝛽00⟩
= (𝛼 |0⟩ + 𝛽 |0⟩) ⊗ ( 1√

2 |00⟩ + 1√
2 |11⟩)

= 𝛼√
2 |000⟩ + 𝛼√

2 |011⟩ + 𝛽√
2 |100⟩ + 𝛽√

2 |111⟩ .

2. We can now translate each ket notation individually and get the result much simpler:

|𝜙2⟩ = (CNOT ⊗ I2) |𝜙1⟩ 𝑡
= (CNOT ⊗ I2)( 𝛼√

2 |000⟩ + 𝛼√
2 |011⟩ + 𝛽√

2 |100⟩ + 𝛽√
2 |111⟩)

= 𝛼√
2 |000⟩ + 𝛼√

2 |011⟩ + 𝛽√
2 |110⟩ + 𝛽√

2 |101⟩ .

33



3. Identical to step 2, we can look at each ket notation individually:

|𝜙3⟩ = (H ⊗ I4) |𝜙2⟩
= (H ⊗ I4)( 𝛼√

2 |000⟩ + 𝛼√
2 |011⟩ + 𝛽√

2 |101⟩ + 𝛽√
2 |110⟩)

= 𝛼√
2(𝐻 |0⟩ ⊗ |00⟩) + 𝛼√

2(𝐻 |0⟩ ⊗ |11⟩) + 𝛽√
2(𝐻 |1⟩ ⊗ |01⟩) + 𝛽√

2(𝐻 |1⟩ ⊗ |10⟩)

= 𝛼√
2(( 1√

2 |0⟩ + 1√
2 |1⟩) ⊗ |00⟩) + 𝛼√

2(( 1√
2 |0⟩ + 1√

2 |1⟩) ⊗ |11⟩)+

𝛽√
2(( 1√

2 |0⟩ − 1√
2 |1⟩) ⊗ |01⟩) + 𝛽√

2(( 1√
2 |0⟩ − 1√

2 |1⟩) ⊗ |10⟩)

= 𝛼
2 |000⟩ + 𝛼

2 |100⟩ + 𝛼
2 |011⟩ + 𝛼

2 |111⟩ + 𝛽
2 |001⟩ − 𝛽

2 |101⟩ + 𝛽
2 |010⟩ − 𝛽

2 |110⟩ .

4. We again assume that 𝑎 = 0 and 𝑏 = 1 and therefore only 𝛼
2 |011⟩ and 𝛽

2 |010⟩ are
relevant. It applies |𝛼|2 + |𝛽|2 = 1 because 𝜓 is a quantum state. Therefore the
probability for this is

∣𝛽2 ∣
2

+ ∣𝛼2 ∣
2

= |𝛼|2 + |𝛽|2
4 = 1

4
and the post-measurement-state

|𝜙4⟩ =
𝛼
2 |011⟩
√1

4

+
𝛽
2 |011⟩
√1

4

= 𝛼 |011⟩ + 𝛽 |011⟩ = |01⟩ ⊗ (𝛼 |1⟩ + 𝛽 |0⟩).

5. Since 𝑏 = 1, the Pauli-matrix X is used:

|𝜙5⟩ = (I4 ⊗ X) |𝜙4⟩
= (I4 ⊗ X)(|01⟩ ⊗ (𝛼 |1⟩ + 𝛽 |0⟩))

= I4 |01⟩ ⊗ (X(𝛼 |1⟩ + 𝛽 |0⟩))
= |01⟩ ⊗ (𝛼 X |1⟩ + 𝛽 X |0⟩)
= |01⟩ ⊗ (𝛼 |0⟩ + 𝛽 |1⟩).

6. Since 𝑎 = 0, nothing happens in this step:

|𝜙6⟩ = |𝜙5⟩ = |01⟩ ⊗ (𝛼 |0⟩ + 𝛽 |1⟩) = |01⟩ ⊗ |𝜓⟩ .

As expected, we get the same result as in the previous chapter.

The ket notation can save a lot of work and sources of error. (Keep in mind that the example
here got a bit lengthy because we wrote out a lot of intermediate steps.)
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9 Bernstein-Vazirani Algorithm

With all the quantum basics from the previous chapters, we now can start with the first
quantum algorithm. This algorithm is called the Bernstein-Vazirani algorithm.

This algorithm tackles the following problem: Given a secret 𝑠 ∈ {0, 1}𝑛 and the function
𝑓 ∶ {0, 1}𝑛 → {0, 1}, defined as 𝑓(𝑥) ∶= 𝑥 ⋅ 𝑠. ⋅ denotes the inner product of two bitstrings here.
This means that for bitstrings 𝑥 and 𝑦 of length 𝑛, the inner product is 𝑥 ⋅ 𝑦 = 𝑥1𝑦1 + ⋯ +
𝑥𝑛𝑦𝑛 mod 2.

The goal is to find the secret 𝑠 using as little queries of 𝑓 as possible. By “query” we mean
an evaluation of 𝑓 . The word query stems from the fact that we often think of the algorithm
having access to a so-called “oracle” which we can “query” to get 𝑓(𝑥).
Classically we will need at least 𝑛 queries to 𝑓 to get 𝑠 definitely. A classical algorithm with
only 𝑚 ≤ 𝑛 queries will get 𝑠 with a probability of 2𝑚−𝑛 if 𝑠 is uniformly random.

We will now look at a quantum algorithm which will find 𝑠 with only one evaluation of 𝑓 . This
algorithm is sketched in the following circuit:

n|0⟩n H⊗n

Uf

H⊗n

s

|1⟩ H

ψ1 ψ2 ψ3 ψ4

Figure 9.1: The quantum circuit for Bernstein-Vazirani

Note that 𝑈𝑓 is defined with the explanation below.

We start with 𝑛 qubits on the top wire. All of these qubits are in the state |0⟩, which we write
|0⟩𝑛 = |0⟩ ⊗ ⋯ ⊗ |0⟩. The bottom wire is in the state |1⟩. Both wires composed together can
be written as 𝜓1 = |0⟩𝑛 ⊗ |1⟩, which is the overall starting state of our algorithm. We now
perform the following steps
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1. First we apply a Hadamard gate on all qubits. This is denoted for the first 𝑛 qubits by
the 𝐻⊗𝑛 gate and for the last qubit by the 𝐻 gate on the bottom wire. The resulting
quantum state is calculated as follows:

𝜓2 = (𝐻⊗𝑛 ⊗ 𝐻) (|0⟩𝑛 ⊗ |1⟩)
= (𝐻⊗𝑛 |0⟩𝑛) ⊗ 𝐻 |1⟩
= (|+⟩)⊗𝑛 ⊗ |−⟩

= ( 1√
2

|0⟩ + 1√
2

|1⟩)
⊗𝑛

⊗ |−⟩

= 1√
2𝑛 ∑

𝑥∈{0,1}𝑛
|𝑥⟩ ⊗ |−⟩

Roughly speaking, we are now in the superposition over all classical possibilities on the
top wire and in |−⟩ on the bottom wire.

2. Next, we apply the unitary 𝑈𝑓 on both wires. This unitary is defined as

𝑈𝑓 |𝑥, 𝑦⟩ = |𝑥, 𝑦 ⊕ 𝑓(𝑥)⟩

This unitary represents the function 𝑓 and combines the output of 𝑓(𝑥) with the bottom
wire 𝑦. For our quantum states, this means that the state after 𝑈𝑓 can be calculated as
follows:

𝜓3 = 𝑈𝑓
1√
2𝑛 ∑

𝑥∈{0,1}𝑛
|𝑥⟩ ⊗ |−⟩

= 1√
2𝑛 ∑

𝑥∈{0,1}𝑛
𝑈𝑓(|𝑥⟩ ⊗ |−⟩)

∗= 1√
2𝑛 ∑

𝑥∈{0,1}𝑛
(−1)𝑓(𝑥) |𝑥⟩ ⊗ |−⟩

= ⎛⎜
⎝

1√
2𝑛 ∑

𝑥∈{0,1}𝑛
(−1)𝑓(𝑥) |𝑥⟩⎞⎟

⎠
⊗ |−⟩
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Note that the ∗ holds since we can rewrite 𝑈𝑓(|𝑥⟩ ⊗ |−⟩) as

𝑈𝑓(|𝑥⟩ ⊗ |−⟩)

= 1√
2

𝑈𝑓 |𝑥, 0⟩ − 1√
2

|𝑥, 1⟩

= 1√
2

|𝑥, 𝑓(𝑥)⟩ − 1√
2

|𝑥, 𝑓(𝑥)⟩

= {
1√
2 |𝑥, 0⟩ − 1√

2 |𝑥, 1⟩ 𝑓(𝑥) = 0
1√
2 |𝑥, 1⟩ − 1√

2 |𝑥, 0⟩ 𝑓(𝑥) = 1

= {|𝑥⟩ ⊗ |−⟩ 𝑓(𝑥) = 0
− |𝑥⟩ ⊗ |−⟩ 𝑓(𝑥) = 1

= (−1)𝑓(𝑥) |𝑥⟩ ⊗ |−⟩

The bottom wire has not changed and is still |−⟩. But on the top wire, we now have
𝑓(𝑥) somehow encoded into our quantum state. The phenomenon that the output of
𝑓 is encoded as a −1 in the input register is called phase kickback. Measuring this
quantum state would not give us any advantage, since we would just get one random 𝑥.
We therefore perform one final step before measuring.

3. As the final unitary, we perform another 𝐻⊗𝑛 on the top wire. We hope that the result of
this unitary transformation is the state |𝑠⟩. To check, whether our hopes become reality,
we can calculate (𝐻⊗𝑛)† |𝑠⟩⊗|−⟩ and check if it is equal to 𝜓3. We do it in this direction,
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since these calculations are a bit simpler:

(𝐻⊗𝑛)† |𝑠⟩ ⊗ |−⟩ = 𝐻⊗𝑛 |𝑠⟩ ⊗ |−⟩
= 𝐻⊗𝑛(|𝑠1⟩ ⊗ ⋯ ⊗ |𝑠𝑛⟩) ⊗ |−⟩
= 𝐻 |𝑠1⟩ ⊗ ⋯ ⊗ 𝐻 |𝑠𝑛⟩ ⊗ |−⟩

=
𝑛

⨂
𝑖=1

( 1√
2

|0⟩ + (−1)𝑠𝑖
1√
2

|1⟩) ⊗ |−⟩

= 1√
2𝑛

𝑛
⨂
𝑖=1

(|0⟩ + (−1)𝑠𝑖 |1⟩) ⊗ |−⟩

= 1√
2𝑛 ∑

𝑥∈{0,1}𝑛
((−1)𝑥1𝑠1(−1)𝑥2𝑠2 … (−1)𝑥𝑛𝑠𝑛 |𝑥⟩) ⊗ |−⟩

= 1√
2𝑛 ∑

𝑥∈{0,1}𝑛
((−1)∑𝑖 𝑥𝑖𝑠𝑖 mod 2 |𝑥⟩) ⊗ |−⟩

= 1√
2𝑛 ∑

𝑥∈{0,1}𝑛
(−1)𝑠⋅𝑥 |𝑥⟩ ⊗ |−⟩

= 1√
2𝑛 ∑

𝑥∈{0,1}𝑛
(−1)𝑓(𝑥) |𝑥⟩ ⊗ |−⟩

= 𝜓3

This calculation shows that we have the quantum state |𝑠⟩⊗|−⟩ before the measurement.

4. We now perform a measurement on the top wire and measure 𝑠 as a result.

This concludes the Bernstein-Vazirani algorithm.
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