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Motivation

Gamma Ray observatories, such as the high-altitude water Cherenkov (HAWC) observa-
tory, successfully examine gamma sources. Due to the higher flux, the HAWC observatory
increasingly detects Cosmic Rays than Gamma Rays [1]. In order to reject the Cosmic
Rays, the combination of the HAWC observatory with an imaging air-Cherenkov tele-
scope, called HAWC’s Eye, is used.

HAWC’s Eye is a telescope-prototype developed by the RWTH Aachen university to fa-
cilitate the hybrid measurement with HAWC observatory. As optical system, HAWC’s
Eye uses a Fresnel lens. Even though the field-of-view of the telescope is big, with its
refractive optics, the telescope is compact and lightweight.
Because the usage of Fresnel lenses comes with aberrations in the refraction, the image
of the Fresnel lens need to be observed.

Due to variations of the energy and incident angle of photons the image changes. Therefore
a simulation using Geant4 is accomplished.
This thesis contains the description of the image characteristics of the Fresnel lens used
in HAWC’s Eye.
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1 RADIATION FROM SPACE

1 Radiation from space

Ever since 1912, when the Austro-American physicist Victor Hess discovered an increase
of ionization with rising height [2], people have tried to examine the radiation originating
from outer space.

1.1 Radiation types

There are two different types of radiation:

Cosmic Rays Cosmic Rays are highly energetic particles with energies up to 1020 eV.
They consist mainly out of charged particles like protons and heavier nuclei [3].
Charged particles interact with magnetic fields so that the propagation of cosmic
rays can differ from a straight line. Therefore, except for particles with very high
energies, their origins cannot be determined precisely. If particles have a high energy
they will not get deflected as much as low energetic particles, caused by their higher
rigidity. That is why information about highly energetic particles is so important.
For higher energies, the flux of particles decrease rapidly. The energy spectrum of
cosmic rays is visualized in figure 1.1. Therefore, with a low flux, studies about high
energetic particles are not trivial.

Figure 1.1: The total flux times E2.6 of Cosmic Rays is plotted against E. Features where
the slope changes are marked with knee, second knee and ankle. Taken from [4].

Gamma Rays Gamma Rays are photons with energies ranging from low keV to high
TeV coming from the universe. Unlike visible light, gamma rays appear to be dif-
fuse, dominated by galactic radiation. For low energetic photons, the flux is high
enough for detection with satellites, which circle the Earth outside the atmosphere,

4



1 RADIATION FROM SPACE

e.g. the FermiLAT mission, which measured Gamma-Rays of energies reaching from
20 MeV to 300 GeV [5].
For higher energetic Gamma Rays an indirect measurement is more suitable.
The propagation of Gamma Rays in the cosmos is mostly undeflected, given that
they are charge-less. Though extra galactic photons with energies reaching to
PeV cannot be detected, due to electron/positron pair production with Cosmic
Microwave Background photons [6].

1.2 Extensive air shower

For high energetic cosmic radiation the direct measurement of the actual particle becomes
difficult, because of the low flux. According to figure 1.1, Cosmic Rays with an energy of
1016 eV have a flux of 1 particle per year and per m2.
Therefore, the detection area has to be large in order to intercept many particles. It is
easier to stay on the ground than in space and examine secondary particles. When highly
energetic primary radiation reach the upper atmosphere of earth, they interact with the
Nitrogen and Oxygen molecules in the air.

The result of that is a cascade consisting of electrons, photons, muons, neutrinos, protons
and other hadrons, a few of which reach to the ground. Due to inelastic interaction of
Cosmic Rays with air molecules, smaller hadrons can be created. These hadrons can either
decay into other particles or interact with other air molecules, causing another hadronic
shower. Cascades of particles in air are called extensive air showers (EAS).
The number of particles created and the horizontal spread of the EAS is proportional to
the energy of the primary particle. Correspondingly, the area of detection on the ground
has to be large enough to collect these particles.

When a photon reaches the atmosphere, it also interacts with the air molecules, like Cos-
mic Rays, and creates an extensive air-shower. Other than Cosmic Rays, the EAS of
Gamma Rays mostly consist of electrons, positrons and photons. Therefore the extensive
air-shower differ in propagation of the cascade. Extensive air showers of Gamma rays
are mostly electromagnetic showers. Thus, there are no inelastic interactions with the
molecules in the air. The horizontal core of the EAS is always at the propagation of the
primary particle, resulting in a more symmetric shower.

Because of the two different types of cascades, the horizontal spread of Gamma Ray EAS
is smaller than the spread of Cosmic rays. By looking at secondary particles conclusions
about the energy and direction of primary particles can be made. This is called indirect
measurement.

1.3 Cherenkov effect

Charged particles in a medium with refractive index n and a velocity v > c
n

are subject
to the Cherenkov effect [7].
The reason for that is the polarization of the medium, caused by the charged particle. For
v < c

n
, the electromagnetic wave created from each polarization center build destructive

interference. If the velocity of the particle is indeed higher than the speed of light in this
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1 RADIATION FROM SPACE

medium, the electromagnetic waves interfere constructively and therefore emit light in a
discrete spectrum (cf. figure 1.2). The direction of the emission is fixed. The angle with
respect to the direction of the particle is given by:

cos ΘC =
1

nβ
(1.1)

So in case of high relative charged particles (β → 1) in air with a refractive index of
n ≈ 1.00028 [8] at sea level the angle of Cherenkov emission is ΘC ≈ 1.4 ◦. For higher
altitudes the refractive index decreases [8] so that the angle of light emission also decreases.
In figure 1.2 the increase of the emission angle with lower altitudes is exaggerated.

Figure 1.2: Left: The red line represents a charged particle of the EAS. The blue traces
show the propagation of Cherenkov light. On the ground a circle or an ellipse of light
should be seen, depending from which direction the particle was coming. Figure taken
from [9]. Right: Spectrum of Cherenkov Light in air, generated by vertical gamma ray
EASs with energies of TeV measured at an altitude of 2200 m. The cut on the right side
does not imply the end of the spectrum. Taken from [10].

EASs mostly consist of electrons and other charged particles with ultra-relative speed.
That is why Cherenkov light is produced in EASs. Due to transverse impulses at the
interaction, particles in an EAS vary slightly in their propagated direction. The superpo-
sition of the Cherenkov light emitted by all particles of an EAS produces a filled circle of
light on the ground.
In addition to that, all particles in an EAS broadly have the same speed. Therefore the
Cherenkov light arrives on the ground like a burst lasting a few nanoseconds. The area
of light emission on the ground is depending on the energy of the primary particle. For
higher energies the area is larger due to the wider spread of charged particles in the EAS.
Nonetheless most EASs have a spread of a few hundred meters in diameter.
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1 RADIATION FROM SPACE

1.4 Detection of EAS

There are separate ways to detect an EAS. The measurement of the particles in the air
with telescopes or the detection of the particles that reach the ground.
The second method can be realized with water tanks. When high energetic charged par-
ticles pass these tanks, cherenkov light gets emitted, due to the high refractive index of
water (n = 1.33). In these tanks, detectors are installed to catch the Cherenkov light.
With a large array of these tanks, the horizontal incidence of the EASs can be observed.
The arrival time difference of the particles in different tanks provide information about
the propagation direction of an EAS.
An example of these large surface detectors is the Pierre Auger Observatory in Argentina.
In order to observe showers induced by ultra high energetic primary particles, the overall
area of the observatory reaches 3000 km2. To improve the energy resolution and the ac-
curacy of the direction of incidence, the surface detector cooperates with telescopes that
picture light originating from EASs[11].

These telescopes consist of an optical system that focuses the light of the EASs into a
camera. The VERITAS telescope array [12] uses optical reflectors to image light to the
camera. For smaller telescopes, lenses as optical systems are more suitable.
Besides the air Cherenkov effect, the particles in an EAS have a further impact to the air
molecules. At the passage of particles of an EAS through the atmosphere, air molecules
are stimulated to emit fluorescence light. This fluorescence light can be detected by
telescopes on the ground. Due to the random direction of propagation, the emission of
fluorescence light is weak and thus hard to detect. For the detection of this light, a wide
field-of-view is required to catch more photons. To avoid stray light, fluorescence tele-
scopes only operate in moonless nights.
The propagation direction of the air Cherenkov effect is set (cf. equation 1.1). There-
fore, in comparison to fluorescence telescopes the field-of-view of Imaging Air Cherenkov
Telescopes (IACTs) can be lowered. Hence stray light has a smaller impact. Nonetheless
better results can be accomplished by operating in moonless lights.

HAWC’s Eye, which is the telescope considered in this thesis, is an IACT.
The HAWC Observatory is a water tank array that looks for high energetic Gamma-ray
EAS [1]. The detectors operate on the flanks of the Sierra Negra volcano near Puebla,
Mexico at an altitude of 4100 m. Due to the energy loss of the primary particle and the
half-life of a particle in the EAS, the density of particles of an EAS is higher for higher
altitudes than on ground. Therefore, at an altitude of 4100 m the detectors can investigate
more secondary particles.
In order to improve the energy calibration and resolution, the HAWC Observatory tested
the usage of HAWC’s Eye, in hybrid mode for one night.
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2 HAWC’S EYE

2 HAWC’s Eye

As mentioned before, one of these IACTs is the HAWC’s Eye telescope.
Initially, the telescope was developed to demonstrate the usage of Silicon Photomultipliers
(SiPMs) instead of photomultiplier tubes (PMTs) for detection [13]. During operation,
PMTs require high voltages up to several kV whereas SiPMs just need bias voltages up
to 100 V [14]. Due to their high working voltages PMTs are sensitive, especially when
exposed to bright light. Moreover, PMTs are very expensive. Therefore the application
of SiPM’s simplify the detection, while being more efficient.

HAWC’s Eye is based on the FAMOUS telescope. FAMOUS is a fluorescence telescope
prototype instrumented with a camera of SiPMs.

The aim of HAWC’s Eye is a robust, lightweight and affordable telescope, with many
application possibilities. The telescope can also be utilized for educational purposes in
lab courses [15].

This section describes the relevant components of HAWC’s Eye telescope and their func-
tions. More detailed information about the telescope can be found in [13].

2.1 Overall Construction

In figure 2.1, the overall construction of the HAWC’s Eye Telescope is illustrated.

Figure 2.1: The left figure visualizes the composition of the components. The right picture
shows a real photograph of the assembled telescope. Figure taken from [13].

The body of the telescope forms a 498 mm long tube with a diameter of 568 mm. It
is made out of carbon fiber to provide the lightweight and money saving aspect of the
telescope [13]. The inner surface of the telescope is covered with an adhesive foil of black
velour, to absorb stray light. On the one side of the tube a Fresnel lens is mounted.
Material and therefore weight and money is saved by using a Fresnel lens instead of a
conventional plano-convex lens.
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2 HAWC’S EYE

On the other side, the hexagonal arranged camera consisting of 61 SiPMs is fixed, at a
distance of one focal length from the lens. To increase the sensitive area, Winston cones
[16] are mounted in front of the SiPMs. Under the camera, the electronics with the data
acquisition and the trigger system are protected with a weatherproof enclosure. This
increases the robustness of the telescope.

All in all, HAWC’s Eye weights approximately 32 kg. The costs of the telescopes can differ
immensely depending on the quality of the components used and the amount of ordered
telescopes.
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2 HAWC’S EYE

2.2 Optics

2.2.1 Camera

On the bottom of the cylindrical tube, the camera is located on a single printed circuit
board. The arrangement of pixels is sketched in figure 2.2.
Every pixel consists of a 6× 6 mm2 SiPM of type Hamamatsu S10943-3580X [17]. In the
first place this type was used for the observation of ultra high energy cosmic air-shower
(FAMOUS) telescope [18]. The additional UV-transparent coating of the SiPMs yield to
a peak photo detection efficiency of 35 % at 440 nm.
Winston cones are glued in front of every pixel to optimize the light collection and increase
the sensitive area of the camera. The Winston cones are hollow round to round aluminum
light conductors with entrance and exit radii of 6.71 mm and 3.00 mm. These dimensions
lead to a maximum allowed incident angle of 26.6 ◦. With hexagonal-to-quadratic light
concentrators, the light collection would improve by a factor of 1.6 due to geometrical
exploitation [19].
All Winston cones are polished on the light conducting surface to improve the efficiency
in the near ultra-violet spectrum.

Figure 2.2: The hexagonal arrangement is visualized in this figure. Moreover the varying
colors mark the different trigger groups. The three blind pixels in the corners of the
formation are used to determine the electronic and thermal noise. Therefore these pixels
are totally covered up and remain in a separate trigger group. Figure taken from [13].

Regarding the arrangement of the SiPMs, the maximum width of the camera is 120.78 mm.
Due to thermal stimulation of an electron in the SiPM, the signal rate is dependent on
the temperature of the SiPM [20]. Because of that, a temperature sensor of type LMT 87
by Texas Instruments [21] is placed below every pixel to determine the temperature and,
hence, the noise of the SiPM.
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2 HAWC’S EYE

2.2.2 Lens

In 1822, the French physicist Augustin Jean Fresnel invented the Fresnel lens in order
to save material and costs for bulky lenses. In HAWC’s Eye a Fresnel lens produced by
ORAFOL Fresnel Optics GmbH [22] is used to focus the incoming Cherenkov photons
to the camera. The normal usage of this model from ORAFOL Fresnel Optics GmbH
is the inverse. That means that the Fresnel lens normally strays light coming from a
nearby source. For that reason there are some inaccuracies in the image-making of the
lens, which will be discussed in further sections.
The refractive properties of a lens are not dependent on the thickness of the material. It
rather depends on the mutual angle between opposite surfaces. With that information, a
thin lens leads to the same refraction as a bulkier lens, if the mutual angles are the same.
Because HAWC’s Eye is constructed to be lightweight, a Fresnel lens is a better choice.
A comparison and construction of a plano-convex (conventional) lens and a Fresnel lens
can be visualized in figure 2.3.
The conventional lens is divided into separate annular fractions with different angles. The
angle for the rings - also referred to as grooves - approximates the angle of the conven-
tional lens at the same radial distance. Therefore, with increasing radial distance, the
slope of the groove becomes steeper.

Figure 2.3: From top to bottom: A plano-convex lens gets converted into a Fresnel lens.
For the sake of simplicity the draft angle for the grooves is set to 0◦. Figure taken from
[23].
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2 HAWC’S EYE

For a higher number of grooves per millimeter, the approximation of the angle of the
Fresnel lens gets finer, hence resulting in higher accuracy of the image-making of the lens.
To improve the focusing of photons, which are far away from the center of the lens, the
perpendicular surface of the grooves can be tilted. This draft angle can be described with
the following formula:

Ψ(ρ) = Ψ0 + cf
ρ

mm
[24], (2.1)

where ρ is the radial distance of the groove from the center of the Fresnel lens, Ψ0 the
minimum draft angle and cf is the draft factor, that increases the overall draft angle Ψ(ρ)
for increasing radial distance. The manufacturer of the lens specifies the minimum draft
angle with Ψ0 = 3◦ and a draft factor of cf = 0.0473◦. A visual representation of the
draft angle can be seen in figure 2.4.

Figure 2.4: This sketch represents the increase in draft angle with radial distance ρ. Taken
from [25] adapted by [26].

The HAWC’s Eye telescope uses the Fresnel lens model ORAFOL SC 943, which is a
2.5 mm thick Fresnel lens made out of UV-transparent Polymethyl methacrylate (PMMA).
The transmission of light starts at around 250 nm which is suitable for Cherenkov pho-
tons. To result in a good image quality of the lens, 10 grooves per millimeter are used.
ORAFOL Fresnel Optics GmbH states that the focal length of the lens is 502.1 mm at a
wavelength of 546.0(±27.3) nm. The diameter of the focusing area is 549.7 mm yielding
in a focal number of ≈ 1.1. Larger diameters and therefore larger focal numbers would
cause an increase in image distortion [27].

Howsoever, approximating a conventional lens with a Fresnel lens leads to inaccuracies in
the projection. If photons are subject to multiple reflection inside of the lens, they will
have a different position and direction of propagation. To test the quality of a lens, one can
study the image-making behavior for different incident angles and different wavelength of
photons.

12



3 FRESNEL LENS SIMULATION IN GEANT4

3 Fresnel Lens Simulation in Geant4

To test the behavior of the Fresnel lens for different photons, one can either do a mea-
surement with a real light source and a camera as information supplier or do a simulation
on computer. The former had been performed in other studies [[23], [28]]. This thesis
describes the second option.
The used software for the simulation is Geant4 [29].

Figure 3.1: Logo of the simulation program. Taken from [29].

Geant4 is a C++ based simulation software initially developed by the Geant4 Collabora-
tion of CERN in order to simulate particles passages through matter.
Therefore, it is suitable for a wide variety of applications for particle physics such as high
energy physics and nuclear experiments, medical, accelerator and space physics experi-
ments.
The toolkit includes optical physics, geometry, tracking, detector response, run manage-
ment and visualization options. The used Graphical User Interface (GUI) for visualization
is OpenGL.

3.1 Integrating the telescope

To understand the properties of the Fresnel lens, it is not necessary to simulate the full
telescope. Instead, only a Fresnel lens and a detection plane at the distance of the Win-
ston cones entrances of the camera are included. The Cherenkov light is simulated by
photons of varied wavelength.

A full simulation for the FAMOUS telescope was developed in [23]. This study includes a
simulation for the fully armed telescopes including the camera and a Fresnel simulation.
The Fresnel Simulation contains the Fresnel lens and a focal plane in the distance of one
focal length.
This simulation is ideal to receive information about the behavior of the Fresnel lens.
However, the Fresnel lens of FAMOUS has a different aperture and therefore the focal
distance differ from the focal distance of the HAWC’s Eye telescope.

Theses simulations have then been modified in [26] in order to fit the simulations for
the IceAct telescope. IceAct is a air Cherenkov telescope developed for the surface detec-
tor IceTop within the scope of IceCube-Gen2 [30].
Because the Fresnel lens of IceAct is the same model as the Fresnel lens of HAWC’s Eye,
the modified simulation is used throughout this work.

Details and performed modifications are explained in the following sections.
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3 FRESNEL LENS SIMULATION IN GEANT4

3.1.1 Fresnel lens

First of all, a space has to be created. This, so called world, is a cube of 2 m side length
filled with air.
In the center of the world a Fresnel lens is implemented. The Fresnel lens is assembled
using a plane and the grooves on top, resulting in a total thickness of 2.5 mm. Throughout
this work, the coordinate system’s x- and y-axes are lying in the plane of the Fresnel lens,
while the z-axis is perpendicular to it. The center of the Fresnel lens is located in the
center of the world.

Figure 3.2: The empirical Sellmeier equation plotted for a PMMA cube. The points
were measured using high-resolution Fourier-transform infrared (FTIR) spectroscopy. The
legend indicates the fitted function and the coefficient. Figure taken from [31].

The properties of the lens, among them the material, diameter, groove number etc., are
also set-in. The material of Geant4 requires some values for the transmission of particles.
The dispersion for different wavelength1 has to be observed. To quantify the dispersion
for the refractive index, the empirical Sellmeier-equation [32] is used:

n2(λ) = 1 +
B1λ

2

λ2 − C1

+
B2λ

2

λ2 − C2

+
B3λ

2

λ2 − C3

(3.1)

The coefficients Bi and Ci for PMMA are stated in table 3.1.
All Sellmeier coefficients are introduced into the Geant4 material properties for PMMA.
Using the dispersion, the simulation is able to calculate the absorption coefficient using
the transmission coefficient identified with the Fresnel equation:

Tmaterial(λ) = 1 + (
n(λ)− nair
n(λ) + nair

)2 (3.2)

1Dispersion for different wavelengths is also referred to as chromatic aberration.
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3 FRESNEL LENS SIMULATION IN GEANT4

B1 0.99654
B2 0.18964
B2 0.00411
C1 0.00787µm2

C2 0.02191µm2

C3 3.85727µm2

Table 3.1: Sellmeier coefficients for PMMA taken from [31]. The related function is
plotted in figure 3.2.

3.1.2 Detection plane

The ideal distance for the Fresnel lens, which was suggested in [26], is 503.2 mm. The
most efficient wavelength, regarding all transmission and efficient coefficients, have been
calculated for the telescope. The detection plane then gets shifted into the position where
this wavelength has the smallest width in image. This ideal distance is selected for further
investigations of the image making of the Fresnel lens, in order to receive the best results.
The Fresnel lens plane and the detection plane are parallel. Moreover, the radius of the
detection plane is chosen to be equal to the radius of the Fresnel lens (cf. figure 3.3). The
thickness of the detection plane is set to 0.1 mm.
It should also be noted that the detection plane takes place in the negative half of the
z-axis. Thus the particles have to come from the positive half of the z-axis with a mo-
mentum direction going to the negative half.

Whenever a photon intersects with the detection plane, this is counted as a hit and stored.
Notice that one particle can only count as one hit maximum, because there is no reflections
in the detection plane or refraction at the boarders of the world. Indeed the refraction
and absorption inside of the lens can cause the particle to not intersect with the focal
plane, causing no hit at all.

Figure 3.3: A simulation for one photon (trace colored green). The formation of the
photon is on the top right. Then it is going through the Fresnel lens (stone-blue), gets
deflected and interacts with the detection plane (red). The transmission after detection is
set to 1. Therefore ,the light beam travels through the detection plane without refraction
or absorption to the boarder of the world and gets absorbed there. Figure produced with
the GUI (OpenGL) of Geant4.
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3 FRESNEL LENS SIMULATION IN GEANT4

3.1.3 Particles

To mimic Cherenkov emission coming from high altitudes and certain directions, photons
with specific wavelengths are shot from an origin-plane2 to the Fresnel lens.
For distant light sources, photons hit the Fresnel lens on the total surface of the lens with
parallel photon traces.
The origin-plane is placed directly in front of the Fresnel lens. Moreover the shape of the
plane is chosen to be a circle with the same radius as the Fresnel lens. For that reason
almost every photon which has its origin in the origin-plane interact with the Fresnel
lens. Hence, hits on the focal plane divided by the produced photons on the origin-plane
should result in the transmission coefficient of the Fresnel lens, which is considered in
section 5.1.
The distribution on the plane is random using equal distribution to illuminate the whole
Fresnel lens with homogeneous photon density.

Figure 3.4: The zenith angle Θ and azimuth angle Φ in comparison to a Cartesian coor-
dinate system. The green line represents the incoming photon ray.

Throughout this work the direction of the momentum of the photon is given with two
angles. A visual representation of these angles is shown in figure 3.4.

One can define two intervals in which the angle Θ and Φ of the momentum direction are
randomly chosen. For the need of parallel light, the two values, which specify the interval,
were set to the same number, i.e., for incident light with an angle of Θ = 6 ◦:

IΦ = [0 ◦, 0 ◦] and IΘ = [6 ◦, 6 ◦] (3.3)

The azimuth angle φ is fixed at 0 ◦, while the zenith angle indicate the direction of mo-
mentum of the photons.
The polarization of the photons can also be set to a certain value. As Cherenkov light is
not polarized, the polarization is set to random.

To quantify the image quality of the Fresnel lens in dependency of the wavelength, the
wavelength and therefore the energy of the photon should be adjusted to a definite value.

2The origin-plane is the surface, where photons are created.
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3 FRESNEL LENS SIMULATION IN GEANT4

In the script of [23] the energy of the photons are programmed to be random with an
adjustable interval. For a specific value of energy the interval should be set to one value.
[26] implemented the calculation of energy using the wavelength of the photon. With that
the task of calculating the energy for different wavelength is redundant.

3.2 Taking Data

For one photon, the OpenGL gives a good representation of the trace and position of the
hit.
Nonetheless, for bigger numbers of photons and for the whole illumination of the lens the
GUI can get really confusing (cf. figure 3.5).

Figure 3.5: Geant4 Simulations for photons with λ = 350 nm. The left picture shows
a run with 50 photons, whilst the right picture shows 5000 photons. One can see that
the simulation with 5000 photons is overcrowded. Also note that for some photons the
Fresnel lens leads to an odd refraction guiding the photon to diverse directions. These
odd refractions are not counting as a hit, considering that they are not intersecting with
the detection plane. It is important to say that the borders of the pictures are not equal
to the borders of the world. The pictures are showing just a part of the total photon
traces.

After closing Geant4, the program saves a ROOT3-file with every information of the last
run of simulation. Among these information are the directions and wavelength of the
particles, properties of the Fresnel lens, positions of the hits on the detection plane and
further more.
The positions of the hits are saved as a leaf in the tree “hits”. To readout and analyze
the data, the software ROOT Version 6.14 is used. In order to examine the data of the
hits, proper C++ files were written.

For all simulations, the geometry of the setup is kept the same, but they differ in the
direction and energy of the photons.

The maximum angle for photons, which still hit pixels of the camera is Θmax = 6.8 ◦ [19].
Nonetheless, this thesis contains incidence angles up to Θ = 10 ◦, in order to study effects
of photons from larger angles.
For the range of wavelength the spectrum of air-cherenkov emission has to be observed

3ROOT is a program which is able to execute code written in C++.
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3 FRESNEL LENS SIMULATION IN GEANT4

(cf. section 1.3). The important part of the spectrum starts at λ = 260 nm reaching to
λ = 1000 nm.

Figure 3.6: Transmission and efficiency factors for the elements of the telescope. The
dashed line represents the transmission of the Fresnel lens. The efficiency of the SiPMs
are visualized with a dotted line. Note that the filter pass UG 11 (dashed-dotted) is
an optional component. Thus, the overall light detection efficiency is impaired from the
impenetrability of the filter. Nonetheless without the filter the overall efficiency would be
reaching about the whole spectrum. Figure taken from [13].

Regarding the transmission and efficiency for the components of the telescope for different
wavelengths (cf. figure 3.6), the transmission of the Fresnel lens starts at λ = 250 nm going
up to ≈ 90% for wavelengths over λ & 325 nm. The efficiency of the SiPMs of the camera
starts at λ ≈ 270 nm. Therefore a simulation for λ < 270 nm is not necessary. The range
for the simulations was chosen to be [275 nm, 1000 nm]. Usually 25 nm- to 50 nm-steps
between the measurements were used.
The higher is the number of simulated photons, the better will be the resolution for various
characteristic of the image. With 5000 photons directed to the surface of the lens, the
statistical errors for measurements become negligible.
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4 Optical aberrations of the Fresnel lens

As mentioned before, Fresnel lenses are good alternatives to plano-convex lenses when it
comes to money and weight saving aspects. Besides these advantageous points of view,
there are indeed some disadvantages when using Fresnel lenses.
Optical aberrations are properties of optical systems such as lenses, that affect the defor-
mation of the image. For example, the effects of optical aberrations occur for lenses of
spherical shapes. Because of the simple and convenient manufacturing, conventional lenses
often have a spherical surface. By virtue of the easy construction of the lens, the image
of the photons on the detection plane spreads over some region of space instead of focus
to a point. Moreover angles of incidence result in deformation and distortion of the image.

Apart from the chromatic aberration, which was included in the simulation with the
Sellmeier equation (cf. section 3.1.1), the images of the used Fresnel lens show properties
of optical aberrations. This chapter includes noticed aberrations of the image and their
origin for different wavelengths and incident angles.

4.1 Spherical aberration

By looking at the evolution of the images for incidence angle Θ = 0 ◦ (cf. Appendices,
section 9.1), it is outstanding that the density of the position of the hits on the detection
plane vary for different wavelengths. This is an effect called spherical aberration.

Figure 4.1: Produced Geant4-Simulation with photons of λ = 400 nm and Θ = 0 ◦. The
rays of the photons are coming from the left, going through the red detection plane. To
visualize the effect of the spherical aberration a rectangular origin-plane is set. One side
of the rectangle is set to a = 2 mm and the other one is set to the diameter of the Fresnel
lens in order to illuminate the full length of the Fresnel lens.

Photons which are refracted on the outer grooves focus in a larger distance than photons
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4 OPTICAL ABERRATIONS OF THE FRESNEL LENS

that are refracted near the optical axis. For convex lenses, this behavior is the other
way round. That means that photons tend to have a larger distance of focus, when they
are refracted close to the optical axis. Though for plano-convex lenses, this property is
reverted.
This effect and the chromatic aberration are the reasons for the spread of the image in-
stead of a point on the detection plane.
For perpendicular photons, the spread of the image is of circular shape. When the inci-
dence angle is unequal to zero, the image deforms into ellipses. This result is expected,
due to the conic section that appears for the intersection of the surface of a cone with a
plane. For vertical mutual angle, the intersection forms a circle (Θ = 0 ◦), whilst for small
deviations of the orthogonality, the intersection constructs an ellipse.

4.2 Fish-like image

Regarding the comparatively small maximum incident angle of Θ = 10 ◦, the only shapes
that are expected are a circle and an ellipse. Nonetheless, for some oblique photons and
distinct wavelength, abstract shapes of the images can be seen.
The reason for that is comatic aberration. A simulation, to observe a better look at this
effect, is visualized in figure 4.2.

Figure 4.2: Produced Geant4-Simulation with photons of λ = 400 nm and Θ = 6 ◦.
Zoomed in on the detection plane on the focus of the rays. This simulation has the same
origin-plane as the simulation in figure 4.1.

Comatic aberration is a shortened term for spherical aberration with a slanting incident
angle [33]. The focus of the photons are dependent on the distance of the hit on the
Fresnel lens from the optical axis.
In figure 4.3, a picture of a image constructed with a slanting incident angle, is shown.
The hits on the detection plane are color-coded. The color-coding indicates the radial
distance of the position from the refraction on the Fresnel lens.
A visualization of the produced simulations is shown in figure 4.4.
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Figure 4.3: Hits position of the photons on the detection plane for λ = 400 nm and
Θ = 6 ◦. Different colors indicate different annular sections on the incident position of the
Fresnel lens.

In figure 4.3, one can clearly see that the hits of the inner sections produce ellipses centered
at the position of the master ray. The master ray is the photon that goes through the
center of the Fresnel lens (at the optical axis). In section 6.1.1, the expected coordinates
for incidence angles of the master ray are calculated.
Outer photons that intersect with the Fresnel lens at outer grooves lead to the outer im-
age and the two tails. Hence, the abstract shape of the image is mostly due to the outer
grooves.

Normally, comatic aberration results in an image with one tail. Indeed, for Fresnel lenses,
the comatic aberration produces an image of two tails. This effect can also be seen on
Davies Cotton reflectors [34], which are used as optical reflectors for telescope observato-
ries - e.g. VERITAS [12].
Because the construction of Davies Cotton reflectors of one telescope (cf. figure 4.5) are
similar to the assembly of grooves on a Fresnel lens, they are subject to the same imaging
effect.
The composition of many mirrors/grooves to approximate a big optical system, seems to
have another effect on the image, which lead into two tails for slanting angles.
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Figure 4.4: Ten simulations were made with annular sections as the origin-plane to receive
a color-coded picture. The photograph shows the simulation of the third annular section
of the center.

Figure 4.5: Cross-section of the alignment of Davies-Cotton reflectors for a telescope [35].
On the bottom, 5 Davies-Cotton reflectors are seen. Note the similarity of the alignment
of the reflectors to the assembly of grooves on a Fresnel lens (cf. figure 2.4).

4.3 Stray Photons

A closer examination of the distribution of the stray photons has also been made. A first
presumption was the distribution of the stray photons in rings. This would support the
hypothesis of the stray photons being interference effects.
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In order to investigate stray photons in a higher number, simulations with 20000 produced
photons were executed. Example images of the position of the hits can be seen in figure
4.6.

(a) λ = 500 nm (b) λ = 1000 nm

Figure 4.6: Simulations with 20000 photons, in order to observe stray photons. The
pictures show two images for different wavelengths and incident angle Θ = 0 ◦. The red
circles indicate the size of the detection plane.

The stray photons have a high distribution density in a circle with radius r ≈ 80 mm and
center at origin of coordinate. Beyond this circle the density distribution decreases. The
image of the stray photons rather seems to be a step than a ring.
Also, note that the circle of dense stray photons does not change its radius for different
wavelengths. The independence in wavelength indicates that it is not an occurring inter-
ference effect.
This effect must therefore come from the multiple refraction of photons in the lens. Also
the stray photons could be an effect of photons deflecting at the draft side of the groove.
Since stray photons are not the main topic of this work, a more precise examination of
this effect was not performed.
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5 Point-spread function

Diffraction coupled with aberrations cause the image of an optical system to smear out
into a blurred spot occupying a finite area of the detection plane [36]. Mainly because
the Fresnel lens is an approximated optical system of a thick plano-convex lens, one has
to be aware that this leads to losses due to “false” refraction of the photons.
To measure the size and the density of the image, a point spread function (PSF) has
been produced. This function describes the distribution of hits on the detection plane in
dependence of wavelength λ and incident angle Θ. To analyze the behavior of the image
of the Fresnel lens, the hits on the detection plane need to be observed.

5.1 Yield of hits compared to produced photons

Throughout all simulations, it is noticeable that the maximum for the number of entries4

seems to be around 3800 (cf. figure 5.1). Considering the maximal transmission of the
Fresnel lens of about 90% (visualized for perpendicular photons for different wavelengths
in figure 3.6) the actual number of hits seems to be smaller than the transmission of the
lens. Therefore a closer investigation into the entries was accomplished.
At first the entries for different incidence angles have been studied. Wavelengths between
275 nm to 1000 nm were measured with photon angles between 0 ◦ and 10 ◦. A plot for
the entries as a function of the angle for different wavelengths is seen in figure 5.1.

Figure 5.1: Hits applied for different angles reaching from 0 ◦ to 10 ◦. The actual number
of produced photons for each data-point is 5000.

4The term entries is used throughout this chapter to describe the number of photons that hit the
detection plane.
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Notice that the behavior of the hits for different angles does not change, if the wavelength
is constant. The distribution for the points is flat. The values differ in an interval of ≈ 40
(for one wavelength), which is around 1 % to 2 % of the actual value. This deviation can
be interpreted as statistical uncertainties. Due to the statistics being Poisson distributed,
the error is

√
N , with N the number of hits. For ∼ 3600 photons, this corresponds to

an uncertainty of ∼ 60. It agrees with the observation. Thus, the number of hits is
independent of the angles of incidence of photons.
In order to receive one plot for the yield of detection with respect to the wavelength, the
weighted arithmetic mean and the standard error for simulations with different incident
angles for each wavelength are calculated individually.

N̄ =

∑n
i=1

Ni
σ2
i∑n

i=1
1
σ2
i

(5.1)

σN̄ =
1∑n
i=1

1
σ2
i

(5.2)

where n is set to 6, due to 6 values for each wavelength. The mean of the entries then
is divided by 5000, the number of produced photons. Due to gaussian error propagation,
also the standard error of the mean is divided by 5000. The resulting graph is plotted in
figure 5.2.

Figure 5.2: The yield of detection is plotted against wavelengths of the photons. The yield
of detection is the fraction of the entries at the detection plane divided by the number of
produced particles. The statistical errors are visualized with error-bars.

Comparing the yield of detection with the transmission of the Fresnel lens, it should be
noted that the shapes of both plots are the same (cf. figures 5.2 and 3.6). Nonetheless,
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the transmission always has a higher percentage than the yield, due to photons that are
transmitted but deflected such that they do not hit the detection plane. The transmission
of the Fresnel lens is just visualized in a plot. The values of the transmission are read
from that plot, in order to obtain the loss L.

A closer investigation for wavelength λ = 275 nm and the asymptotic behavior for wave-
lengths above λ > 500 nm has been made.
The values of transmission T were assumed to be ≈ (45 ± 1) % for λ = 275 nm and
≈ (93± 1) % for λ > 400 nm. These errors are estimated reading errors of the plot. The
percentages of yield Y are (34.4±0.3) % for λ = 275 nm and (74.3±0.1) % for λ > 400 nm.
The value for the asymptotic behaviour is determined with the weighted arithmetic mean
of values of yield above λ > 500 nm.

L =
T − Y
T

(5.3)

These values lead to a loss of ≈ 23.6 % for λ = 275 nm and ≈ 20.1 % for λ > 400 nm. The
errors of loss are calculated by gaussian error propagation with:

σL =

√
1

T 2
· σ2

Y +
Y 2

T 4
· σ2

T (5.4)

This leads to magnitudes of 10−2 to 10−3 % for the absolute errors of loss, although the
reading error of the transmission is comparatively large.
This loss in photons is due to geometrical reasons. While the transmission is the fraction
of photons going through the material divided by the produced photons, the yield of
detection is the fraction of the photons, which actually hit the detection plane, divided
by the produced photons. Therefore the area of the detection plane is too small to catch
all photons which are going through the Fresnel lens.
Approximately ∼ 20 % of the transmitted photons do not hit the detection plane. In the
real HAWC’s Eye telescope, they get absorbed by the black velour inlay of the tube.

5.1.1 Measurement of the center of gravity

The PSF contains the measurement of the aberration-radius r90, which encircles 90% of
the energy contained in the image.
In order to quantify the aberration-radius, the center of gravity (CoG) has to be identified,
which is the average position of all hits.

xc =
1

N
·
N∑
i=0

xi (5.5)

yc =
1

N
·
N∑
i=0

yi (5.6)

with xi and yi being the coordinates of the hits on the detection plane and N the number
of hits (entries). It is evident that the CoG will change position for different incident
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angles of the photons. Taking xc and yc for different wavelengths and incoming angles,
the changed CoG positions can be seen in the figures 5.3 and 5.4.
Mind that the incoming photons are coming from direction Φ = 0 ◦. Thus, the CoG is
expected to be at y = 0. Because the incoming angles are just defined over angle Θ, the
center of gravity should be in quadrant II or III close to the negative x-axis, regarding
the refraction of the lens. For higher angles of incidence Θ, xc should increase in amount.

Figure 5.3: The y-coordinate of the CoG in dependency of the wavelength. Different
colors represent different incident angles of the photons. The statistical errors, calculated
via standard deviation on the mean, are visualized with error-bars.

As seen in figure 5.3, the y-coordinate of the center of gravity is always around 0 mm.
Most of the centers of gravity are located in the interval y = [−0.5, 0.5] in unit of mm.
All points of the graphs vary randomly.
The statistical uncertainty comes from the “random” hit positions of the stray photons.
The statistical errors are identified with the standard deviation of the mean.
The behavior of the x-coordinate varies from the y-coordinate. While the y-coordinate
stays at value yc ≈ 0, the x-coordinate decrease for different incoming angles of the
photons. Obviously Θ = 0 ◦ leads to an xc ≈ 0. For increasing Θ, the x-coordinate is
decreasing5 as predicted.

Because of different refractive indices for different wavelengths (cf. figure 3.2), the x-
coordinate should change value for different wavelengths. For lower wavelengths, the
CoG should be further away from the origin of coordinate than for higher wavelengths.
Though, with closer looks on the x-coordinates of the CoG, the statistical uncertainty
seems to overwhelm the effect of dispersion. For higher incident angles Θ, the effect of
dispersion should be more pronounced than for lower wavelengths. A closer look on high

5or increasing in amount
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Figure 5.4: The x-coordinate of the CoG in dependency of the wavelength. Different
colors represent different incident angles of the photons. The statistical errors, calculated
via standard deviation on the mean, are visualized with error-bars.

incident angles of the x-coordinate of the CoG can be seen in the Appendices, section 9.2.
Within the uncertainties, the effect of dispersion is negligible.
Thus, weighted arithmetic mean values for all xc’s and yc’s with constant incidence angles
have been calculated. With that, an average radial distance from the origin of coordinate
can be determined:

rc =
√
x̄2
c + ȳ2

c (5.7)

The statistical errors of x̄c and ȳc are calculated via standard error of the weighted mean
(cf. equation ). Gaussian error propagation results in an error for the radial distances of:

σrc =

√
x̄2
c

r2
c

· σ2
x̄c +

ȳ2
c

r2
c

· σ2
ȳc (5.8)

The result is shown in figure 5.5.
The radial distances are linear dependent of the incident angle Θ.
The performed linear fit provides values which are stated in table 5.1.

m [mm
◦ ] σm [mm

◦ ] b [mm] σb [mm] χ2

ndf

8.77428 0.00949 0.21844 0.05827 12.3

Table 5.1: Values of the linear fit calculated via χ2-method.

28



5 POINT-SPREAD FUNCTION

Figure 5.5: The small blue error-bars indicate the small statistical error of the radial
values. A linear regression has been carried out, which is visualized with the red line.

Based on the high value for χ2

ndf
, one can see that the data is not well described by a linear

fit.
This topic will be recalled in further sections, when the expected coordinates of the image
center will be calculated (cf. section 6.1.1).

5.1.2 Measurement of the aberration radius r90

With the CoG of each simulation, all positions of the individual hits can be transformed
into radial distances from the CoG.

ri =
√

(xi − xc)2 + (yi − yc)2 (5.9)

With the radial distances, the energy of each photon ei and the total energy of the
simulation E, r90 is calculated as follows:

r90∑
r1

ei = 0.9E (5.10)

where r1 is the smallest radial distance adding up to r90, the aberration radius. The index
90 does not indicate the 90th closest radial distance. Because every photon has the same
energy, the computation of the aberration-radius is easier.

Every radial distance is assigned to a list. This list is sorted starting with the lowest
number. The number of entries multiplied with the factor 0.9 defines the number n,
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which determines the aberration-radius by reading out the nth value of the sorted list.
The calculation of the aberration-radii for different wavelengths λ and incidence angles Θ
leads to figures 5.6 and 5.8.

Figure 5.6: Measured aberration radius r90 as a function of the wavelength. Different
colors label different incident angles Θ. Each marker represents one simulation with
Geant4.

The aberration-radius r90 changes with incident angles. The description of the plot is
divided into different sections for different effects that occur for different wavelengths and
incident angle.

Chromatic aberration: The wavelength dependent refractive index of the Fresnel lens
causes the image to change with varying wavelength. Photons with low wavelengths
are deflected more than photons with high wavelengths.
Also note that the refractive index change is steeper for lower wavelengths than for
higher wavelengths (cf. figure 3.2). This causes the image on the detection plane
to change fast for low wavelengths and slow for high wavelengths. This results in a
steeper PSF for lower wavelengths than for higher wavelengths.

Spherical aberration: Spherical aberration affects the density of the photons of the im-
age (cf. section 4.1). The density of the photon hits are crucial for the measurement
of the aberration-radius r90. If the density is high in the center of the image, the
aberration-radius is near the center. For images that have a high density on the
outside like a ring (cf. figure 5.7a or Appendices, section 9.1), the aberration-radius
is further away from the center.
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Tilt: For higher incident angles the average photon track has a longer way to travel in
order to reach the detection plane. This leads to a shift of the minimum r90 in
wavelength.

Deformation of the image: Higher incident angles also lead to a deformation of the
shape of the image (cf. 4.2). The image distortion causes the aberration-radius
to have a higher value for slanting angles. Furthermore this effect explains the
behavior of the PSFs for high incident angles. The fluctuations of the curves occur
for changes in the image shape.

Chromatic and spherical aberration have the largest effect on the curve of the PSF.
While the chromatic aberration causes the image on the detection plane to change width,
spherical aberration simultaneously changes the density of the images.
For low incident angles, these two effects lead to a special PSF curve. The curves look
like they are assembled out of two functions. A steep decreasing function for λ < 400 nm
and a slow increasing function for λ > 400 nm.
For small wavelength, the chromatic aberration causes the image to decrease for increasing
wavelengths (cf. figure 5.7). At the same time, the spherical aberration creates a dense
ring on the outside of the images for low wavelengths. Therefore, the aberration-radius
r90 will be almost equal to the radius of the image.

(a) λ = 350 nm (b) λ = 800 nm

Figure 5.7: Zoomed sections of the positions of hit for different wavelength and Θ = 0 ◦.
The dotted, red circle visualizes the aberration-radius r90. Note the difference of the
density distribution for the hits.

After the minimum of the PSF at around ∼ 400 nm, the image starts increasing due to
the chromatic aberration. Note that the rate of change of the width of the image is given
by the Sellmeier equation (cf. section 3.1.1). The dense ring of the spherical aberration
now evolves to a high density at the center of the image. That is the reason for the second
part of the curve. The aberration-radius rises slowly, due to the increasing width of the
image and the high density in the center.
For high incidence angle the effect of tilt and deformation of the image occur increasingly,
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resulting in a blurred and fluctuating curve.

The point-spread-function in dependency of the incident angle is visualized in figure 5.8.

Figure 5.8: Aberration radius r90 in dependence of the incident angle. Different colors
indicate variation in wavelength.

The behavior of the curves for λ = 300 nm and λ = 400 nm differs from the rest of the
plots. While the first two curves are rising exponentially, the other curves show almost
constant behavior.
With respect to figure 5.6 this outcome is reasonable. Before the minimal aberration-
radius of each curve is reached, the curves of the graph do not cross. At λ = 500 nm,
small incident angles already had there minimum r90. Therefore these plots are rising,
while curves of higher incident angles decrease. Due to the shift of the minimum r90 all
curves line up. This effect can be seen for λ = 500 nm. While the value for Θ = 10 ◦

(and λ ≥ 500 nm) does not really change for different wavelengths, the curves for smaller
incident angles increase with wavelength. This explains the trend of the curves for λ >
500 nm in figure 5.8.
The two different trends for this plot appear, because there are two possible constructions
for the photon rays. The first one is that the focus is in front of the detection plane
for this wavelength. That means, that a higher value of incident angle would cause the
image to increase in size due to the tilt (λ = 300 nm and λ = 400 nm). The second
possibility is that the focus is behind the detection plane (λ & 500 nm). With a tilt in
angle of incidence, the focus gets closer to the detection plane, because of the longer way
the photon has to travel.
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The advance of the focus to the detection plane leads to a smaller image, resulting in a
smaller aberration radius r90.

5.1.3 Inaccurate measurement for deformed images

The deformation of the image on the detection plane for high incident angles Θ leads to
an imprecise measurement of the aberration-radii, hence resulting in a strange trend of
the PSF.
The measurement of the aberration-radius is comprehensive for images, which are round,
or for regular polygons. An ellipse is a shape consisting of two radii. One radius to
set the length and one radius to specify the width. That is why for incident angles,
where the images deform into ellipses or other shapes, the aberration-radius is not a good
measurement to quantify the image-making.
An example for the deformation of the image for constant wavelength and different angles
is visualized in the core-image1 series of figure 5.9.
For images with distributions as shown in figure 5.9b, 5.9c and 5.9d, another way to
analyze the positions of hits has to be found.
In order to understand the incorrect analysis, histograms of the radial distance of hits
from the CoG were examined (cf. figure 5.10).
One can see that the histogram for Θ = 0 ◦ yields reasonable results to study the density
of hits for the core-image.
Due to the geometry of the image for slanting angles, the radial distance histogram is not
meaningful. The shape of the core-image prohibits a good analysis of the density with
the radial distance from the CoG.
For example, take a look at the distribution of the histogram for Θ = 10 ◦. These kinds
of histograms can be created by very different images.
It would be more accurate to have two histograms of two variables to study the image
characteristics.
The next chapter considers the description of the distributions for x and y coordinate.

1I will refer to the core-image as the zoomed in image, which cut out most of the stray photons on
the detection plane.
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(a) Θ = 0 ◦ (b) Θ = 6 ◦

(c) Θ = 8 ◦ (d) Θ = 10 ◦

Figure 5.9: Position of the hits for wavelength λ = 800 nm. The images are zoomed
sections, which determine the image of the lens. Stray photons, which intersect with the
detection plane on a different position are cut out. The image series shows the evolution
of the core-image in dependency of the angle of the incoming photons. The red dotted
circles indicate 90 % of the photons from the center of gravity, hence visualizes r90.

6 Two dimensional description of the images

One possibility of analyzing the image-making of the Fresnel lens is to study distributions
of the x- and y- coordinates separately (cf. figure 6.1). By looking at the evolution of the
distributions for different wavelengths, the behavior of the image-making of the Fresnel
lens becomes transparent.
A good measure to quantify the characteristics of a distribution are its statistical moments
[37]. For example, for a normal gaussian distribution just the mean value and the standard
deviation has to be provided. With the third statistical moment, a tilted distribution can
be created. The collection of all statistical moments defines a unique distribution. As
part of this thesis, only the first three statistical moments were examined. Thus, with all
three given values for one distribution, one can reconstruct a tilted distribution.
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(a) Θ = 0 ◦ (b) Θ = 6 ◦

(c) Θ = 8 ◦ (d) Θ = 10 ◦

Figure 5.10: These zoomed histograms show the evolution of histograms for different
incident angles at wavelength λ = 800 nm. Stray photons, which are located mostly over
r > 25 mm, are cut out. The red line determines the aberration radius r90.

6.1 Statistical moments of distributions

The first raw moment is the mean (µ). The mean is already calculated and investigated
with the measurement of the center of gravity. Because stray photons change the position
of the center of gravity and lead to fluctuations as seen in section 5.1.1, the expected value
of the image will be calculated (cf. section 6.1.1).
The second central moment is the variance, which defines the width of the distribution.
The standard deviation is the square root of the variance. Therefore the variance will be
abbreviated by σ2. If the variance is low, the values xi are more likely to be found closely
around the mean. If the variance is indeed high, more values are further away from the
mean. For n values, the variance is calculated as follows:

σ2 =
1

n
·

n∑
i=0

(xi − µ)2 (6.1)
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Figure 6.1: The histograms of the x-(blue) and y-coordinate (red) for λ = 700 nm and
Θ = 4 ◦. Note that the mean of the red histogram is at 0 mm, while the blue histogram
is shifted to the negative x-coordinate as expected. Also pay attention to the different
trends of the distributions. The histogram of the x-coordinate seems to be tilted.

The third normalized moment is called skewness. The skewness is the measurement of tilt
and will be shortened with γ. If the mass of the distribution tends to be concentrated to
the right of the mean, the skewness will have a negative value. The same applies the other
way round. Therefore, the skewness always points to the longer tail of the distribution.
The third normalized statistical moment can be expressed with:

γ =
1

n
· 1

σ3
·

n∑
i=0

(xi − µ)3 =
E[(X − µ)3]

σ3
(6.2)

Because of the normalization with σ, the normalized statistical moments remain dimen-
sionless quantities. Due to the summands to cancel out, the skewness for a symmetrical
distribution is 0.

6.1.1 Mean Value

To investigate the distributions for x- and y-coordinate, unitary means are needed. The
calculations in section 5.1.1 showed that the center of gravity is strongly affected by the
stray photons, which lead to fluctuations of the mean for different wavelengths.
With the calculation of the position of the master ray the expected position of the image
will be determined. The master ray is the trace of the photon that intersects with the
Fresnel lens in the optical axis, therefore in the center.
Two distractions for the track are expected:

Deflection inside the Fresnel lens ∆d: If a photon hits the Fresnel lens at an angle,
Snell’s law guides to the deflection inside the lens. At the center of the Fresnel lens,

36
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Figure 6.2: A photon with an incident angle of Θ (green) gets deflected inside and outside
the Fresnel lens before it hits the detection plane.

the surfaces are perpendicular to each other. Therefore just the material of PMMA
with a thickness of 2.5 mm needs to be penetrated.

Deflection outside the Fresnel lens d: After the escape of the photon from the Fres-
nel lens, the trace continues with the initial incident angle. With this angle the
photon has to travel 503.2 mm · cos(Θ) to intersect with the detection plane.

These distractions lead to a total distance of (cf. figure 6.2):

dtotal(Θ) = ∆d+ d = 2.5 mm · tan(arcsin(
nair

npmma
· sin(Θ))) + 503.2 mm · tan(Θ) (6.3)

The refractive index of air is approximated with 1. Indeed the refractive index of PMMA
is wavelength dependent. In course of this work, this value is set to 1.5. In the Appendices,
section 9.3, it is shown, that the maximal deflection of different wavelengths is negligibly
small.
Due to the azimuth angle being set to 0 ◦, the deflection is calculated for the negative
x-coordinate.
Figure 6.3 shows a comparison of the radial mean of the CoG (determined in section 5.1.1)
and the deflection of the master ray.
The deviation of these two graphs are minor for low incident angles but increase for high
Θ. Considering the maximum incident angle of 10 ◦, the linear fit is a good approximation
of the actual expected position of the master ray.
Nonetheless the linear fit is impured with the position of the stray photons. Accordingly,
for the calculation of the standard deviation and skewness, the position of the master ray
will be used.
This implies that the central value is set to (µx, µy) = (−dtotal(Θ), 0).
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Figure 6.3: Comparison of the linear fit for the radial distance of the CoG (red) and the
calculation of the position of the master ray (green).

6.1.2 Standard deviation

With the unified value of the mean for the distributions of x- and y-coordinate, the calcu-
lation of the standard deviation is carried out (cf. figure 6.4). In this standard deviation
all photons (also stray photons) are included.

(a) Standard deviation of x (b) Standard deviation of y

Figure 6.4: Standard deviation of the x- and y-distribution of the image using all photons.

Based on the trend of the plots, one can clearly see that these standard deviations show
information about the dependence in wavelength. Overall an increase in standard devia-
tion is visible for higher angles. Apart from that, one cannot draw conclusions about the
trend of the plots. The fluctuations of the standard deviation are too big.
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6 TWO DIMENSIONAL DESCRIPTION OF THE IMAGES

These fluctuations are due to stray photons, which have a huge effect on the standard de-
viation. For photons which are far away from the position of the master ray, the summand
(xi − µ)2 of the standard deviation becomes huge.

Figure 6.5: Simulation with 20000 produced pho-
tons, λ = 800 nm and Θ = 4 ◦, to emphasize the
effect of stray photons for slanting incident angles.

Because the stray photons pile up at
the center of the detection plane at
a radius of ≈ 80 mm (cf. section 4.3)
- even for oblique angles of incidence
(cf. figure 6.5) - the increase for
higher incident angles of σx is found.

Even for slanting angles of incidence,
the dense distribution of stray pho-
tons approximately stays in the cen-
ter of the detection plane. To ne-
glect the stray photons and their
random behavior, an algorithm to
cut these stray photons out, had to
be found.

Therefore, the radial distance of the photon hits from the position of the master ray was
examined. By sorting a list of these radial distances and searching for a bigger step than
2 mm (0.5 mm) for images of oblique (perpendicular) incidence, a radius that encircles the
inner image is found. The step size has been optimized manually.
All hits that are inside this radius are taken for further investigation. The photon posi-
tions that are outside this radius, are cut out.
The percentage share of this core-image, regarding the total number of hits on the detec-
tion plane, can be seen in figure 6.6.

Figure 6.6: The percentages of photons which are inside the cut-off circle. The percentage
share is plotted against the wavelength. Different colors indicate different incident angles.
The errors are visualized with the error-bars.
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Regarding the graph of the percentages of photons inside the core-image does not seem
to follow any systematics. The fluctuation are of statistical nature of the stray photons.
The errors of the percentages has to be estimated. The percentages are calculated with
ratio = Ncore

entries
, with Ncore the number of photons inside the core-image. If the number of

entries gets small, the number of core-image photons decrease. Therefore, these values
are correlated. To keep the calculation of the error of percentage simple, just the poisson-
distributed value of the error of Ncore is considered. Due to gaussian error propagation,
the error of ratio is calculated with:

σratio =
σNcore

entries
=

√
ratio

100 · entries
(6.4)

These errors are visualized in figure 6.6.

The percentages of photons building the core-image is around 94% to 98%. Overall, a
loss of percentage with higher incident angles is detected. More accurate studies about
the number of the photons inside the core-image are not carried out within the scope of
this thesis.

Using a circle as geometrical border is not optimal for oblique angles but easy to determine.
Even though this algorithm does not cut off all the stray photons, the remaining stray
photons inside the radius do not severely affect the standard deviation.
The resulting reduced standard deviations for the reduced x- and y-distributions are shown
in figure 6.7 and 6.8.

Figure 6.7: Reduced standard deviation for the x-distribution of the detection plane
image.

It stands out that the trends of the curves are similar to the curves of the PSF (cf. figure
5.6). For high incident angles - e.g. 10 ◦ - the curves seem to be smoother and do not
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fluctuate as much as in the PSF. For low incident angles, a significant difference cannot
be determined. Also note, that more simulations for different incident angles were accom-
plished, in order to improve resolution.

Figure 6.8: Reduced standard deviation for the y-distribution of the detection plane
image.

Considering the aberrational effects of the Fresnel lens, the outcome of the curves seems
reasonable.
The reduced x-distribution is almost similar to the PSF of figure 5.6. Therefore the ef-
fects that determine the trend of the graphs are of the same kind. The smoothness of the
curves is derived by the cut-off of the image. Remember, that the aberration-radius of the
PSF contains 90% of the positions. Hence, not all of the core-image is used for the PSF.
For slanting angles, r90 cuts away around 5% of the core-image. These 5% are mostly
positioned at the outer regions of the core-image (cf. figure 5.9d). For the calculation of
the standard deviation the tails of the distribution are important and have a huge impact
on the result. That is why the standard deviation of x is straighter than the PSF.

Looking at the reduced standard deviation of y, a new effect of the lens is noticed.
The minimal standard deviation for y always seems to be ∼ 1.5 mm. All in all, the curve
of standard deviation for y appears to shift to the right for higher incident angles.
Due to the tilt of the photons for incident angles, the trace between lens and detection
plane elongates. This means, that longer wavelengths are required to reach the focus of
the image. Because of the varying steepness of the Sellmeier equation, the curves stretch
out and do not change much for high wavelengths.

In search of a function of the curves All shown curves of the reduced standard
deviation and the skewness seem to have a trend for different incident angle Θ. There-
fore, searching for a fitting family of curves is a good approach to quantify these trends.
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Using a family of curves for, e.g., the standard deviation, one could calculate the standard
deviation of the core-image for a given wavelength and incident angle.
Because the curve of Θ = 0 ◦ is the most challenging curve, that on is investigated first.
It is started with the standard deviation of x.
The curve appears to be composed by two functions. The first function should have a
rapid decreasing slope for low wavelengths up to ∼ 400 nm. The second function needs
to be a slow rising function for high wavelengths.

After many trial and error attempts, the first part of the curves fits the best to a shifted
hyperbola and the last part of the curve is well approximated by a variant of a shifted
arctan(x).
The composition of those two functions is visualized in figure 6.9.

Figure 6.9: The best fitting function for the curve of the reduced standard variation for
Θ = 0.

The function is described using the following equation:

f(λ) = [0] · arctan(λ[1] − [2]) +
[3]

λ[4] − [5]
+ [6] (6.5)

with [i] the fitting parameters, stated in table 6.1.
At first, this might look like a successful fit, but considering the creation of a family of
curves with seven parameters devalue the fit. To have seven parameters depending on the
incident angle Θ, does not give any conclusions about the physics behind this fit.
Furthermore, for important wavelengths where the efficiency of the SiPMs is high and
the emission of Cherenkov light is high, the fitted function has a deviation to the actual
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[0] 6.167
[1] 0.364
[2] 8.9665
[3] 2.11 · 1019

[4] 7.216
[5] −8.06 · 1017

[6] −0.97

Table 6.1: The parameters of the fit for the fitting function 6.5, which is visualized in
figure 6.9.

values (cf. figure 6.9 for 350 mm < λ < 500 mm).

Because of these reasons, the search for a family of curves stops at this point.

6.1.3 Skewness

The third normalized statistical moment is calculated by using the positions of the photons
of the core-image.
However, only the skewness of x-distributions is calculated. The distributions for the
y-coordinates is always symmetric, thus a calculation of the skewness is redundant.
Because the skewness is a measure of asymmetry, the expected value for distributions,
originating from perpendicular photons, is 0. For images of slanting incident angles, a
value unequal to 0 is anticipated.
The skewness as a function of wavelength can be seen in figure 6.10.

Figure 6.10: Skewness for different wavelengths and incidence angle. To observe the shape
evolution of the curves, more simulations were accomplished.

As expected, the skewness for Θ = 0 ◦ varies around γ ≈ 0. Based on the trend of the
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black plot, the statistical fluctuation of the skewness can be observed.
Images of slanting images always show negative values for the skewness. This indicates
that the weight of the distributions is continuously on the left side of the position of
master ray.
Furthermore it is noticeable, that even for low angles (Θ = 0.5 ◦) the skewness shows a
trend in wavelengths. The drop for wavelengths of 375 nm < λ < 450 nm is due to optical
effects of the images. These effects vary in intensity for different incident angles, which
leads to the different trends of the curves.
The drop of skewness will be explained, using images for incident angle Θ = 1 ◦:

(a) λ = 375 nm (b) λ = 425 nm (c) λ = 600 nm

Figure 6.11: Evolution pictures for images of Θ = 1 ◦ and varying wavelength. The black
marker indicates the position of the master ray.

The brown curve in figure 6.10 represents the skewness for images with Θ = 1 ◦. There,
one can see that between 375 nm and 500 nm the curves drops in skewness. This effect is
visualized with the three pictures of figure 6.11.
For low wavelengths, the distribution of the image is widely spreaded (cf. figure 6.11a).
This causes the standard deviation to have a high value. Note, that the densest point of
the image is located on the left of the image. Regarding that the skewness is calculated
with the standard deviation to the power of three (cf. equation 6.2), the shift of the
densest point to the left does not strongly affect the skewness of image with λ ≤ 375 .
Figure 6.11b shows the image for λ = 425 nm. The density distribution changes. It
becomes more dense in the center which decreases the standard deviation. The densest
point is still located on the left from the position of the master ray. This results in a more
higher absolute value for the skewness.
For higher wavelengths, the standard deviation increases again. Also the densest point
is positioned in the master ray (cf. figure 6.11c). Therefore the absolute value for the
skewness decreases again. This results in the curves that are seen in figure 6.10.

This effect can also be seen in the Appendix in section 9.1 for the evolution images of
Θ = 4 ◦ and Θ = 8 ◦.
Because of the tilt, the average photon for high incident angle, has a longer way to arrive
at the detection plane. This results in the shift of the drop to the right side. For Θ = 8 ◦,
the skewness does not even settle above wavelength λ < 1000 nm. And for Θ = 10 ◦, the
drop is not even visual for this wavelength range.
Moreover, the steepness of the sellmeier equation (cf. figure 3.2) and the steepness of the
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reduced standard deviation for high wavelengths (cf. figure 6.7) guides to the elongation
of the drop of the skewness.

6.2 Reconstruction of the image using statistical moments

With the determined standard deviation and skewness of the core-image, a reconstruction
of the x- and y-distributions is self-explanatory.
Using a limited number of statistical moments, always results in incorrectness of the re-
construction.
The reconstruction of a distribution using statistical moments is not unique. Many possi-
ble density distributions can be created with using the standard deviation and skewness
[38].

By looking at the histograms for the x- and y-distributions (cf. figure 6.1), a gaussian
distribution for y and a skew normal distribution for x is suggested. The skew normal
distribution is a gaussian distribution, using the skewness as measure of tiltness.
A probability density function (PDF) with a tilt parameter α is calculated using the
following equation [39]:

f(x, α) = 2 · φ(x) · Φ(αx) (6.6)

where φ(x) is the standard normal PDF and Φ(x) is the cumulative density function.
Thus, in case of gaussian distributions, the tilted PDF can be expressed with:

f(x, ζ, ω, α) =
2

ω
√

2π
· e−

(x−ζ)2

2ω2 ·
∫ αx−ζ

ω

−∞

1√
2π
e−

t2

2 dt (6.7)

ζ and ω, are called location and scale, while α is referred to as shape.
These parameters can be determined by using the statistical moments (mean µ, standard
deviation σ and skewness γ).
The following equations explain the connection of every parameter with every statistical
moment.

µ = ζ + ωδ ·
√

2

π
(6.8)

σ = ω ·
√

1− 2δ2

π
(6.9)

γ =
4− π

2
·

(δ
√

2/π)3

(1− 2δ2/π)
3
2

(6.10)

with δ = α√
1+α2 =⇒ α = δ√

1−δ2 . Note that the maximal skewness is thus obtained by

setting δ = 1, giving |γmax| ≈ 0.99527. Hence, to observe the full range of wavelength,
the reconstruction of the distributions can just be done for incidence angles of Θ ≤ 1 ◦.
The PDF for a standard gaussian distribution is given with
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f(x, µ, σ) =
1√
2πσ
· e−

(x−µ)2

2σ2 (6.11)

Therefore, with the given position of the master ray as the mean, the standard deviation
of the x- and y-distribution and the skewness for the x-distribution, two functions can be
created.
An example for a reconstruction is shown for the image of λ = 800 nm and Θ = 3 ◦ (cf.
figure 6.12).

Figure 6.12: The histograms of the x(left) and y-(right) coordinates of the hits are visu-
alized in green. The red functions illustrate the reconstructed PDFs.

For wavelength λ = 800 nm and incident angle Θ = 3 ◦, the statistical moments and
parameters are listed in table 6.2.

µx [mm] µy [mm] σx [mm] σy [mm] γ
−26.4589 0 5.9294 5.6317 −0.632417
ζ [mm] ω [mm] α
−20.05042 8.53137 −2.79217

Table 6.2: These values are used for the reconstruction of the x- and y-distribution for
the image of λ = 800 nm and Θ = 3 ◦. The visual result can be seen in figure 6.12.

For the reconstruction of the distribution, the integral of the PDFs is set to the sum of
the bin content of the histogram. Therefore the scale of these graphs should be equal.
Apart from the high spike in the center of the histogram, the PDFs show a moderate fit
to the distribution.
Due to the skewness for the x-distribution, the skew normal distribution is tilted to the
right. Because of the bulge, which is at the left side of the histogram, the skewness of x
is negative. Indeed the maximum of the distribution is still located in the center of the
image, resulting in a not so well fitting reproduction for the x-distribution.

At last a reproduction of low wavelengths is observed.
For λ = 300 nm and Θ = 3 ◦, the reconstruction of the two distributions lead to the graphs
shown in figure 6.13.

46



6 TWO DIMENSIONAL DESCRIPTION OF THE IMAGES

Figure 6.13: The reconstructed PDFs (red) for the histograms (green) of x-(left) and
y-(right) distribution. The values needed for these functions are shown in table 6.3.

µx [mm] µy [mm] σx [mm] σy [mm] γ
−26.4589 0 8.5382 7.7482 −0.702783
ζ [mm] ω [mm] α
−16.3954 13.1975 −3.24654

Table 6.3: The parameters and statistical moments for the image of λ = 300 nm and
Θ = 3 ◦. The PDFs of these values are produced in figure 6.13.

Comparing the two histograms for λ = 300 nm and λ = 800 nm, one can see the change
in distribution. The histograms for the images of λ = 300 nm look more like they are
equally distributed than gaussian distributed.
The effects of the optical aberrations heavily change the distribution of the histograms,
resulting in two drastically different histograms of x- and y-coordinates.
Due to these effects, the fit of the gaussian distribution for the y-histogram and the skew
normal distribution for the x-histogram do not fit at all.
The histograms of the x- and y-coordinates have a sharp edge at the boarders of the
distribution. The reconstructed gaussian distributions proceed smoothly with no edges
at all.
Besides these negative properties of the fit, the PDFs provide a matching width of the
histograms.

If one would like to reconstruct the images using the methods of statistical moments,
different PDFs need to be found in order to receive a suitable fit.
To find a function that changes like the optical aberrations change the image is difficult.
Thus, a different method to reproduce the image must be considered.
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7 Quantils of the distributions

Another way to describe the image of the Fresnel lens on the detection plane is to deter-
mine the width of different quantils.
Quantils are cut points that divide distributions into separate continuous intervals. This
is shown in figure 7.1.

Figure 7.1: Visual representation of the symmetrical quantile of 50% (blue) for a gaussian
distribution. Adapted from [40].

With the quantils of different percentages, one can observe the change in density of the
distributions for different wavelengths.
Because the x- and y-distribution differ, the quantils will be examined separately.

The x- distribution is asymmetric. Therefore, the left and right positions of the cut points
for the quantils differ. For these, the change of the quantile interval will be given by the
position of the cut points in respect to the position of the master ray.
Due to the y-distribution being symmetrical, the position of the cut points are expected
to be symmetric. That is why for the y-distribution the interval of the quantils are given
with the width of the interval.
The partition of the image in different quantils is visualized in section 9.1 of the Appen-
dices for different wavelengths and incident angles. There, the cut points are represented
with the dashed lines.
The explanation of the trends is done with three angles.
Perpendicular photons are expected to produce a symmetrical picture. Furthermore an
incident angle of photons which produce an image inside (Θ = 4 ◦) and outside (Θ = 8 ◦)
the camera are described.
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7.1 x-distribution

To properly describe the density distribution with different quantils, three percentages of
the distribution are calculated (50 %, 68 % and 90 %).
The quantils for the x-distribution of perpendicular photons are shown in figure 7.2.

Figure 7.2: The cut points for the quantils are referred to as boarders of the percentages.
With the difference of same colored curves, one can determine the width of the quantils.

Based on the results of previous chapters, the density distribution for low wavelengths is
rather equally distributed, while the density distribution for high wavelengths has a high
density in the center due to spherical aberration.
This effect can also be seen in figure 7.2 for the quantils of perpendicular photons.
Note, that the curves for different quantils and low wavelengths, roughly have the same
distance, in respect to the size of the image.
Due to chromatic aberration, the size of the core-image shrinks which lead to the focus
at λ ≈ 400 nm. Higher wavelengths lead to an increase of the image size. Also the high
density of the center of the image can be seen for the low values of the 50 %-quantile in
comparison to the high values of the 90 %-quantile.
Throughout the range of wavelengths the curves seem to be mirrored on the λ-axis which
is expected due to the symmetry of the image.

For slanting incident angles, the shape of the curves differ (cf. figure 7.3).
Now the center of the quantils is not 0 mm. Therefore the image is not mirrored in the
position of master ray, which results in an asymmetrical image for the x-axis (cf. figure
9.2). Notice, that the curves of the right cut points are shifted to the right.
By comparing the focus of the red curves with each other, it is remarkable that the curves
differ for the left and the right boarders of the quantils. This indicates asymmetry of the
image.
Otherwise the trend of the curves seem to be similar to the x-distribution for perpendic-
ular photons.
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Figure 7.3: The cut points of the x-distribution for images with Θ = 4 ◦.

For higher incident angles, which are outside the camera (e.g. Θ = 8 ◦), the resulting plot
do not share many similarities with the plot for perpendicular photons (cf. figure 7.4).

Figure 7.4: The plot of the cut points of the quantils for the x-distribution of the image.
The angle of incidence for the photons is Θ = 8 ◦.

For low wavelengths, the cut points are decreasing which is due to the image size.
After λ > 500 nm the quantils do not change in width. Note, that the width and the
position of the cut point for the 50 %- and 68 %-quantile are almost constant. Only the
90 %-quantile sliqhtly increases because of the increase in image size. That means, that
the density in the center stays the same, while the outer image increases in size and de-
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forms. This can be seen in the picture series of figure 9.3.
Also notice, that the shift from the position of master ray increased in comparison to the
quantils of Θ = 4 ◦ (compare with figure 7.3). At some point even the position of the
master ray is not inside the quantile of 68 % (λ ≈ 700 nm).

The quantile distribution for Θ = 2 ◦ and Θ = 6 ◦ are provided in the appendices in
section 9.5.

7.2 y-distribution

Due to the y-distribution being symmetrical, the description of the quantils can be per-
formed by calculating only the width of the quantils and not the cut points.
For perpendicular photons, the quantils of the y-distribution is shown in figure 7.5.

Figure 7.5: Width of the quantils of the y-distribution for perpendicular photons.

Realize the similarities between the 90 %-quantil width and the PSF for perpendicular
photons (cf. figure 5.6).
Apart from that, the curves’s trends are as expected.
The image size has a huge impact on the trend of the curves. The difference of the curves
define the density.
Therefore the density is equal distributed for low wavelengths. For high wavelengths, the
center of the image has a very high density, resulting in a wide spread of the curves for
λ > 600 nm.

The quantile-widths for the y-distribution of the images images with incident angle Θ = 4 ◦

and Θ = 8 ◦ are shown in figure 7.6.
One can see that the trend of the curves do not immensely differ for different incident
angles.
Note, that the labels of the y-axis increases for higher incident angles. This is due to the
tilt of the average photon that has to travel longer in order to reach the detection plane.

51



7 QUANTILS OF THE DISTRIBUTIONS

Figure 7.6: The quantile-width of the y-distribution for images of photons with incident
angle Θ = 4 ◦ (left) and Θ = 8 ◦ (right).

Therefore, the image increases in size.
The steepness of the curves for Θ = 8 ◦ is weaker than the other slopes. This can be
explained by the effect of image deformation in a fish-like image (cf. section 4.2) whose
change is more remarkable in the x-coordinate of the image.

To compare the results with real pictures, the image of the detection plane is show in the
Appendices for Θ = 0 ◦, Θ = 4 ◦ and Θ = 8 ◦ (cf. section 9.1).
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8 Conclusion

Three different methods were accomplished to describe the image characteristics of the
Fresnel lens.
Throughout this work, it has been noticed that the image-making of the lens are influ-
enced of the optical aberrations.
These lead to a change in density distribution, deformation and distortion of the core-
image. That is why, the image description is anything but trivial.

The measurement of the aberration-radius r90 led to a good first understanding of the
image properties of the lens.
With that, the optical aberrations of the Fresnel lens have been investigated. Perpendicu-
lar photons or photons with low incident angles (Θ ≤ 4 ◦) could be examined particularly
well with this method.
The aberration-radius r90 for higher incident angles was classified as not suitable due to
the geometry of the image on the detection plane.
Therefore, a different method had to be found in order to examine high incident angles.

The image has been separated into two coordinates in order to evaluate the deformation
of the core-image.
With the help of the first three statistical moments of the resulting distribution, the image
evolution has been described for varying wavelengths and incident angles.
Also the description of high incident angles serves reasonable results with this method.
First tries of a reconstruction of the image with the statistical moments have been car-
ried out. Because of the change of the density distribution for different wavelengths, the
reconstruction with the gaussian distribution did not really fit the distribution of the im-
age. Therefore, in order to reproduce the image using the statistical moments, different
distribution need to be tested.

At last, the density of the image in form of the quantils have been observed.
It is noticed, that the center of the core-image shifts with respect to the position of the
master ray (for higher incident angles).
Based on the image evolution for different wavelengths and incident angles, which is pro-
vided in section 9.1, the shift is in magnitude of mm for high incident angles.

Look-up tables with the values for the standard deviation, the skewness and the cut points
for the quantils are given in the Appendices to reconstruct the images for different wave-
lengths.
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Beńıtez, editors, Nonimaging Optics, pages 1 – 6. Academic Press, Burlington, 2005.

[17] Hamamatsu S13360-series datasheet. http://www.hamamatsu.com/resources/pdf/
ssd/s13360_series_kapd1052e.pdf, 2017.

[18] Johannes Schumacher. Exploring Silicon Photomultipliers for the Upgrade of the
Pierre Auger Observatory. PhD thesis, RWTH Aachen Universtiy, 2019.

[19] J. P. Koschinsky. Development of a 61-Pixel Camera for the IceAct Imaging Air
Cherenkov Telescope. Master’s thesis, RWTH Aachen University, 2017.

[20] Marco Ramilli. ”Characterization of SiPM: temperature dependencies”. In 2008
IEEE Nuclear Science Symposium Conference Record, pages 2467–2470. IEEE, 2008.

[21] Texas Instruments LMT87 analog temperature sensor datasheet. http://www.ti.

com/lit/ds/symlink/lmt87.pdf, 2017.

[22] ORAFOL Fresnel Optics GmbH homepage. https://www.orafol.com/de/europe/
produkte/optic-solutions/uebersicht, visited: August 2019.

[23] Tim Niggemann. The Silicon Photomultiplier Telescope for FAMOUS for the detec-
tion of fluorescence light. PhD thesis, RWTH Aachen University, 2016.

[24] Hans Micheal Eichler. ”Characterisation studies on the optics of the prototype fluo-
rescence telescope FAMOUS”. Master’s thesis, RWTH Aachen University, 2014.
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9 Appendices

9.1 Evolution

To visualize the change of the images for differing wavelengths, the positions of the hits
are shown in a picture series.

(a) λ = 275 nm (b) λ = 300 nm (c) λ = 325 nm

(d) λ = 350 nm (e) λ = 375 nm (f) λ = 400 nm

(g) λ = 550 nm (h) λ = 700 nm (i) λ = 1000 nm

Figure 9.1: Evolution pictures of Θ = 0 ◦. Note that the density, which is given by the
color-coding of the hits, differs for varying wavelengths. The size of the image is always
set to fit the core-image. So, in order to observe the size change of the image, the scale
of the coordinates has to be observed.

For that, three different incident angles are chosen, to illustrate the change of the image for
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varying angle of incidence. Images of perpendicular photons (Θ = 0 ◦), oblique incoming
photons, which are still inside the camera (Θ = 4 ◦) and oblique incoming photons which
are outside of the camera (Θ = 8 ◦) are shown in the following pictures.

(a) λ = 275 nm (b) λ = 300 nm (c) λ = 325 nm

(d) λ = 375 nm (e) λ = 400 nm (f) λ = 425 nm

(g) λ = 550 nm (h) λ = 700 nm (i) λ = 1000 nm

Figure 9.2: Evolution pictures of Θ = 4 ◦ (image, which is inside of the camera). Note
that the density and the shape of the image differs for varying wavelengths. The size of
the image is always set to fit the core-image. So, in order to observe the size change of
the image, the scale of the coordinates has to be observed.
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(a) λ = 275 nm (b) λ = 325 nm (c) λ = 360 nm

(d) λ = 400 nm (e) λ = 425 nm (f) λ = 450 nm

(g) λ = 575 nm (h) λ = 700 nm (i) λ = 1000 nm

Figure 9.3: Evolution pictures of Θ = 8 ◦ (image, which is outside of the camera). Note
that the density and the shape of the image differs for varying wavelengths. The size of
the image is always set to fit the core-image. So, in order to observe the size change of
the image, the scale of the coordinates has to be observed.

9.2 Closer look on the x-coordinate of the CoG for high incident
angles

Due to the wavelength dependence of the refractive index, the deflection inside the Fresnel
lens should differ for varying wavelengths. This should affect the x-position of the CoG.
Because of the bigger deflection, this effect should increase for higher incident angles.
Zoomed in images of the x-coordinate of the CoG as a function of wavelength are provided

59



9 APPENDICES

in figure 9.4 for incident angles of Θ ≥ 6 ◦.

(a) Θ = 6 ◦

(b) Θ = 8 ◦

(c) Θ = 10 ◦

Figure 9.4: Zoomed-in images of the x-coordinate of the CoG as a function of wavelength
for different incidence angles. The errors of these values are visualized with the error-bars.

By looking at the graphs, one can assume that the x-coordinate is higher (absolute value)
for lower wavelengths which is expected due to the refractive index of the Fresnel lens.
Though, the statistical nature of the CoG overwhelms the effect of deflection inside the
Fresnel lens.
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9.3 Maximal deflection of the master ray for different wave-
lengths

The refractive index of the Fresnel lens is wavelength dependent of the photon. There-
fore, the expected value for the Master ray shifts for different wavelengths. Nonetheless,
the deflection of the master ray for oblique incoming photons inside the Fresnel lens in
comparison to the deflection outside the Fresnel lens is negligible small.

The observed wavelengths ranges from 275 nm to 1000 nm. Regarding the refractive index
of the lens (cf. section 3.1.1), the maximal and minimal value for this range of wavelength
are:

nmax(275 nm) ≈ 1.53 (9.1)

nmin(1000 nm) ≈ 1.47 (9.2)

The maximal deflection inside the Fresnel lens is created with a maximum incident angle
(Θ = 10 ◦). By calculating the deflection inside the Fresnel lens for those refractive indices
with the first part of equation 6.3,

∆d(λ,Θ) = 2.5 mm · tan(arcsin(
nair

npmma(λ)
· sin(Θ))) (9.3)

the maximal difference can be determined.
This leads to a maximum deflection difference of δ = 0.2975 − 0.2855) mm = 0.012 mm.
Comparing that to the deflection outside the Fresnel lens (∼ 90 mm for photons with
Θ = 10 ), the deflection difference for different wavelength are tiny.

That is why this effect is neglected for the calculation of the position of the master ray.
Throughout this work, the master ray is calculated by using the refractive index of
npmma = 1.5.

9.4 Look-up tables of reduced standard deviation and skewness

For the reduced standard deviation a proper fit could not be found. To reconstruct the
distributions of the images for the x- and y-axis, tables of the values are provided.
Because the distribution of the y-axis is symmetrical, the skewness of the y-axis distribu-
tion is always assumed to be 0. Therefore the value of the skewness for the y-axis is not
given.
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λ [nm] σx [mm] σy [mm] γx
275 11.1176 11.0159 −0.06417040
300 7.4359 7.3701 0.01892600
325 4.8718 4.8664 0.02938840
350 3.0121 2.9719 0.06781880
375 1.6626 1.6584 −0.02937620
390 1.3394 1.2409 0.11350000
400 1.1354 1.1357 −0.01003580
410 1.1724 1.2176 0.08047410
425 1.437 1.4472 0.04040440
450 2.1021 2.081 0.06111240
500 3.2547 3.2076 0.00070816
550 4.0359 4.0049 0.02215840
600 4.7085 4.6579 −0.03625240
650 5.1739 5.2165 −0.02957150
700 5.6362 5.674 −0.00428831
750 6.0496 5.8502 −0.04131860
800 6.2492 6.2823 0.05053410
850 6.5076 6.5023 0.12816200
900 6.6175 6.6201 −0.00330067
950 6.8784 6.8072 0.00285463
1000 7.0131 6.9968 0.03547770

Table 9.1: Values for the standard devi-
ation and the skewness for Θ = 0 ◦.

λ [nm] σx [mm] σy [mm] γx
275 11.1398 10.764 −0.0855454
300 7.4868 7.4439 −0.133589
325 4.9214 4.9204 −0.183883
350 3.0829 2.9956 −0.250768
375 1.7296 1.6841 −0.215163
400 1.1771 1.1266 −0.474763
425 1.4769 1.4388 −0.514075
450 2.1235 2.0536 −0.268233
500 3.2147 3.2096 −0.237748
550 4.0514 4.0109 −0.0879023
600 4.6794 4.8259 −0.111658
650 5.168 5.1837 −0.201009
700 5.639 5.7818 −0.186606
800 6.2795 6.2516 −0.00696493
900 6.7103 6.6717 −0.0977753
1000 7.0437 6.896 −0.081289

Table 9.2: Values for the standard devi-
ation and the skewness for Θ = 0.5 ◦.

λ [nm] σx [mm] σy [mm] γx
275 11.3145 10.8425 −0.201684
300 7.5446 7.5702 −0.283425
325 5.0015 4.8743 −0.315468
350 3.1729 3.0305 −0.418039
375 1.8262 1.7095 −0.47266
400 1.2579 1.1656 −0.762094
425 1.5114 1.4598 −0.904178
450 2.1439 2.0867 −0.886345
500 3.2015 3.2027 −0.508582
550 3.9986 3.9601 −0.513339
600 4.5543 4.6831 −0.260135
650 5.2139 5.2504 −0.225691
700 5.6069 5.6726 −0.269839
800 6.033 6.2092 −0.208067
900 6.5697 6.6905 −0.186951
1000 6.9147 6.8794 −0.162226

Table 9.3: Values for the standard devi-
ation and the skewness for Θ = 1 ◦.

λ [nm] σx [mm] σy [mm] γx
275 11.2561 10.9688 −0.239315
300 7.6613 7.5425 −0.351307
325 5.0884 5.0125 −0.440357
350 3.2951 3.0841 −0.551142
375 2.0074 1.768 −0.651746
400 1.4186 1.1554 −0.914644
425 1.5791 1.4365 −1.3093
450 2.0704 2.0308 −1.08663
500 3.2442 3.2721 −0.808689
550 4.0305 4.0301 −0.43286
600 4.6082 4.7064 −0.431892
650 5.0203 5.0469 −0.450049
700 5.5059 5.5595 −0.397954
800 6.0108 6.2077 −0.3553
900 6.5516 6.5103 −0.253285
1000 6.8024 6.8503 −0.320882

Table 9.4: Values for the standard devi-
ation and the skewness for Θ = 1.5 ◦.
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λ [nm] σx [mm] σy [mm] γx
275 11.6058 11.108 −0.444734
300 7.918 7.563 −0.508833
325 5.2777 5.0732 −0.568188
350 3.5146 3.1491 −0.729987
375 2.2150 1.8455 −0.844519
390 1.7844 1.3237 −0.889867
400 1.6067 1.1879 −1.01841
410 1.5862 1.1958 −1.29562
425 1.6631 1.4236 −1.54957
450 2.0973 2.0214 −1.38229
500 3.1295 3.0592 −0.971975
550 4.0183 3.9199 −0.749035
600 4.5693 4.5324 −0.680463
650 5.0868 5.0736 −0.571567
700 5.4 5.4372 −0.358138
750 5.6792 5.7713 −0.459785
800 5.9915 5.9745 −0.413962
850 6.1055 6.3965 −0.309191
900 6.3593 6.3665 −0.350903
950 6.4864 6.6506 −0.374043
1000 6.6901 6.9355 −0.341413

Table 9.5: Values for the standard devi-
ation and the skewness for Θ = 2 ◦.

λ [nm] σx [mm] σy [mm] γx
275 11.9498 11.2062 −0.533533
300 8.5382 7.7501 −0.702783
325 5.9417 5.2091 −0.791989
350 4.1287 3.3376 −0.932117
375 2.7671 2.0199 −1.00276
400 2.0917 1.2379 −1.0568
425 1.9467 1.3741 −1.44741
450 2.1959 1.8783 −1.72734
500 2.9411 2.9545 −1.49677
550 3.7464 3.6734 −1.06617
600 4.2693 4.4502 −0.9637
650 4.7487 4.9715 −0.790712
700 5.0601 5.4139 −0.776974
800 5.6317 5.9294 −0.632417
900 6.038 6.2803 −0.518265
1000 6.2869 6.7106 −0.512639

Table 9.6: Values for the standard devi-
ation and the skewness for Θ = 3 ◦.

λ [nm] σx [mm] σy [mm] γx
275 12.8723 11.4429 −0.705784
300 9.1487 8.0595 −0.818138
325 6.7307 5.491 −0.964705
350 4.8928 3.6047 −1.10178
375 3.5692 2.2348 −1.11756
390 3.0969 1.644 −1.12803
400 2.8007 1.3821 −1.13817
410 2.6473 1.2545 −1.17631
425 2.4384 1.2730 −1.29529
450 2.4577 1.7200 −1.58535
500 2.9465 2.6853 −1.74732
550 3.4622 3.5453 −1.50414
600 3.9638 4.1407 −1.348
650 4.4089 4.8866 −1.13909
700 4.9004 5.0185 −1.03484
750 5.1586 5.4351 −0.959075
800 5.3531 5.8276 −0.989962
850 5.5557 5.8994 −0.904012
900 5.7267 6.0944 −0.862421
950 5.948 6.1184 −0.795
1000 6.0693 6.3453 −0.808636

Table 9.7: Values for the standard devi-
ation and the skewness for Θ = 4 ◦.

λ [nm] σx [mm] σy [mm] γx
275 15.0984 12.5439 −0.962866
300 11.3125 8.8597 −1.01685
325 8.7605 6.3977 −1.14482
340 7.5419 5.0887 −1.16508
350 6.9575 4.4087 −1.21846
360 6.3219 3.7736 −1.23717
375 5.6049 2.9509 −1.25562
390 4.9322 2.3454 −1.27855
400 4.6247 1.9456 −1.27468
425 3.9661 1.4166 −1.26184
450 3.5764 1.4227 −1.27593
460 3.5362 1.5736 −1.27695
480 3.3854 1.8898 −1.36283
500 3.2789 2.1688 −1.4792
550 3.4008 2.9709 −1.66921
600 3.793 3.6834 −1.69666
650 3.8268 4.0216 −1.70846
700 4.1387 4.4189 −1.67918
750 4.4422 4.7623 −1.59611
800 4.4879 4.9858 −1.54188
850 4.7258 5.3993 −1.5135
900 4.7829 5.4613 −1.42599
950 4.8184 5.6055 −1.43368
1000 5.1073 5.658 −1.40084

Table 9.8: Values for the standard devi-
ation and the skewness for Θ = 6 ◦.
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λ [nm] σx [mm] σy [mm] γx
275 17.5147 13.7886 −1.04906
300 14.1808 10.1456 −1.15537
325 11.656 7.4194 −1.22741
340 10.4528 6.2132 −1.27532
350 9.6632 5.5399 −1.29034
360 9.0828 4.8594 −1.28482
375 8.2138 3.9953 −1.31488
400 7.2549 2.8813 −1.31249
425 6.3289 2.1191 −1.33281
450 5.743 1.6345 −1.32488
480 5.2333 1.5456 −1.2986
500 4.9012 1.6598 −1.29654
520 4.7475 1.8622 −1.2936
530 4.67 2.0041 −1.30131
550 4.5178 2.2129 −1.31353
575 4.401 2.4821 −1.33926
600 4.3139 2.7919 −1.37374
650 4.2567 3.1982 −1.45328
700 4.1769 3.5613 −1.52236
750 4.194 3.8384 −1.57845
800 4.2937 4.1234 −1.62434
850 4.3098 4.3529 −1.6551
900 4.3307 4.5714 −1.67829
950 4.3907 4.7031 −1.69525
1000 4.3981 4.7274 −1.68675

Table 9.9: Values for the standard devi-
ation and the skewness for Θ = 8 ◦.

λ [nm] σx [mm] σy [mm] γx
275 21.8685 15.2475 −1.16491
300 17.8811 11.7519 −1.25902
325 15.1998 8.8745 −1.25957
340 13.9303 7.5561 −1.29303
350 12.964 7.0333 −1.33455
375 11.7597 5.3512 −1.34405
400 10.3055 4.2385 −1.35697
425 9.4265 3.2975 −1.35257
450 8.802 2.6179 −1.36329
460 8.5616 2.3872 −1.34572
480 8.1913 2.0259 −1.35049
500 7.7012 1.8273 −1.33426
510 7.6558 1.7319 −1.34307
530 7.255 1.6975 −1.34638
550 6.9499 1.6924 −1.34259
570 6.7232 1.7694 −1.32708
600 6.4946 1.9332 −1.31991
620 6.3918 2.1245 −1.31577
650 6.1904 2.2747 −1.3101
670 6.128 2.4604 −1.32627
700 5.8736 2.5713 −1.32733
750 5.7276 2.8899 −1.33166
800 5.5584 3.0477 −1.3359
850 5.4618 3.2172 −1.35125
900 5.3036 3.3625 −1.34634
950 5.3136 3.6016 −1.34896
1000 5.2965 3.7626 −1.26475

Table 9.10: Values for the standard de-
viation and the skewness for Θ = 10 ◦.
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9.5 Appendix of the quantils

In addition to perpendicular photons and incident photons with Θ = 4 ◦ and Θ = 8 ◦, the
curves of the quantils for x- and y-distributions for photons with incident angle Θ = 2 ◦

and Θ = 6 ◦ are provided.

(a) x-distribution quantils (b) y-distribution quantils

Figure 9.5: The cut point of the quantils for the x-distribution and the width of the
quantils for the y-distribution for a slanting incident angle of Θ = 2 ◦.

(a) x-distribution quantils (b) y-distribution quantils

Figure 9.6: The cut point of the quantils for the x-distribution and the width of the
quantils for the y-distribution for a slanting incident angle of Θ = 6 ◦.

Furthermore tables for all plotted values are given in order to reproduce the distributions.
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λ [nm] −25 % 25 % −34 % 34 % −45 % 45 % 50 % 68 % 90 %
275 −9.5188 10.3018 −13.1775 13.9755 −17.5451 19.0155 19.0281 26.5124 36.8954
300 −6.2731 7.1825 −8.4881 9.5466 −11.5879 12.2671 13.5084 18.13 23.4792
325 −4.2812 4.9638 −5.7269 6.4009 −7.2597 7.6428 9.1642 11.9655 14.3909
350 −2.6205 3.0905 −3.3984 3.8369 −4.4572 4.8159 5.5448 7.1764 9.2702
375 −1.2036 1.3541 −1.8459 2.1274 −2.8123 3.1557 2.5682 3.9723 5.9471
390 −0.7701 1.1016 −1.2722 1.621 −2.0442 2.4213 1.8692 2.8971 4.5617
400 −0.7606 0.95 −1.2149 1.4049 −1.8798 2.0816 1.7271 2.6581 3.9678
410 −0.7256 0.872 −1.1474 1.3113 −1.7399 2.6277 1.6304 2.4907 4.6226
425 −0.7126 0.7955 −1.0937 1.2527 −2.4407 3.8134 1.4706 2.2728 6.383
450 −0.6469 0.7644 −1.4199 1.9399 −3.9294 5.4024 1.3858 3.3244 9.1023
500 −1.3955 1.6795 −2.8241 3.3253 −5.9614 7.2851 3.0261 5.9431 13.0661
550 −1.8429 2.4738 −3.5886 4.4122 −7.3314 9.1457 4.3035 8.0362 15.9691
600 −2.4949 2.9882 −4.4229 5.2478 −8.3728 9.7978 5.3069 9.1563 18.1247
650 −2.7577 3.4501 −4.8775 5.7364 −9.1808 10.912 6.0104 10.6416 20.2675
700 −3.4394 3.7065 −5.7842 5.8769 −9.6063 11.2071 6.8711 11.5181 21.4691
750 −3.5461 4.1077 −6.0227 6.7598 −10.6597 12.5363 7.3599 12.1903 22.6079
800 −3.4436 4.2226 −6.0956 6.8158 −10.759 12.8985 7.8469 13.1145 23.9958
850 −3.4517 4.7063 −6.0297 7.804 −11.0469 13.8801 8.6184 13.8162 24.7379
900 −4.0061 4.5701 −6.348 7.7077 −11.4902 13.9399 8.6049 14.0291 25.4935
950 −4.0414 4.9848 −6.8764 7.7038 −11.9697 14.4377 8.5721 14.4658 26.1198
1000 −4.2461 4.9586 −6.8572 8.0799 −12.058 14.6966 9.2248 14.9483 26.2989

Table 9.11: Look-up table for the quantils for photon images with incident angles Θ = 0 ◦.
The first six rows give the values for the cut points of the x-distribution while the last
three rows specify the width for the y-distribution. The unit of all values is mm.

λ [nm] −25 % 25 % −34 % 34 % −45 % 45 % 50 % 68 % 90 %
275 −10.7208 9.7475 −14.8095 13.1581 −19.9934 17.9695 19.3225 27.1169 37.0943
300 −7.7694 6.2077 −10.1613 8.8013 −13.4295 11.3626 13.7143 18.5094 24.2706
325 −5.4612 4.2467 −6.9972 5.7159 −8.8493 7.2278 9.6261 12.5767 15.4787
350 −4.1421 2.4169 −4.9501 3.367 −5.6875 4.6816 5.9762 7.6893 9.7959
375 −2.5096 0.896 −2.9499 1.7259 −3.6552 3.0366 3.0173 4.4085 6.2778
390 −2.0371 0.4032 −2.3342 1.2007 −2.8279 2.36 1.9737 3.0568 4.7501
400 −1.8305 0.2959 −2.1343 0.9599 −2.5779 2.0504 1.8149 2.8424 4.1673
410 −1.7148 0.1466 −2.0022 0.778 −2.9347 1.6457 1.6901 2.6026 4.3165
425 −1.4609 0.1919 −1.7889 0.7166 −3.5012 2.092 1.5492 2.4036 6.2298
450 −1.3408 0.306 −2.2629 0.8319 −4.6769 3.7471 1.4817 3.1585 8.9722
500 −1.9651 0.6041 −3.4359 2.092 −6.6578 6.4319 2.7517 5.7631 13.1047
550 −2.6668 1.5038 −4.5461 3.3791 −7.9757 7.6591 4.0833 7.6815 16.1446
600 −3.0765 1.8949 −4.9775 3.9371 −9.1954 8.6792 5.0761 9.0605 17.9781
650 −3.5279 2.2903 −5.5722 4.8058 −9.8888 9.8573 5.9289 10.4572 20.1254
700 −3.3944 3.2001 −5.4516 5.5986 −9.9876 10.7089 6.6215 11.2515 21.3423
750 −3.7839 3.1637 −6.0763 5.6801 −10.6842 11.7474 7.1781 12.2711 23.1138
800 −3.8497 3.5371 −6.2477 6.3291 −11.508 11.9178 7.3913 12.6235 23.6493
850 −4.0326 3.7718 −6.5254 6.3675 −11.1495 11.9632 8.2779 13.4864 24.483
900 −4.2673 3.8701 −6.7567 6.3853 −11.7552 12.9223 8.0198 13.3745 25.1115
950 −4.3263 3.5032 −7.0137 6.2297 −11.9645 12.8931 8.5538 14.1294 25.1716
1000 −4.6516 4.1208 −7.2509 7.1679 −12.3629 13.5431 9.1425 14.7078 26.7438

Table 9.12: Look-up table for the quantils for photon images with incident angles Θ = 2 ◦.
The first six rows give the values for the cut points of the x-distribution while the last
three rows specify the width for the y-distribution. The unit of all values is mm.
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λ [nm] −25 % 25 % −34 % 34 % −45 % 45 % 50 % 68 % 90 %
275 −12.4131 9.636 −16.9118 13.5097 −22.8437 18.393 19.6723 27.3468 38.8698
300 −9.4577 6.3549 −12.4778 9.0848 −16.3303 11.8413 14.5431 19.6943 26.2516
325 −7.6977 4.1614 −9.5997 5.9581 −11.9666 7.7787 10.0235 13.5075 17.1901
350 −6.0099 2.2943 −7.2882 3.5689 −8.4175 5.3525 6.8906 9.0111 11.1656
375 −4.7388 1.1167 −5.3128 2.3757 −5.6613 3.7958 3.8867 5.4214 7.4653
390 −4.0722 0.4724 −4.3626 1.5242 −4.5974 2.9921 2.4864 3.9149 5.7943
400 −3.6025 0.1376 −3.8511 1.2597 −4.0706 2.6636 2.2092 3.2815 4.8486
410 −3.3117 −0.1238 −3.4581 0.8876 −4.0107 2.3026 1.9519 2.9695 4.4195
425 −2.8078 −0.3479 −3.0314 0.5076 −4.2325 1.8271 1.6846 2.6066 4.9359
450 −2.4089 −0.3819 −3.2097 0.2997 −5.0562 1.3191 1.5533 2.3858 7.882
500 −2.593 −0.1013 −3.9755 0.4349 −6.647 3.3356 1.8729 4.6576 11.6437
550 −2.7349 0.1439 −4.3926 1.2905 −7.6519 4.948 3.2866 6.6915 14.5612
600 −3.1629 0.5451 −5.0021 2.0581 −8.5071 6.429 4.2597 8.018 17.2062
650 −3.4499 1.1473 −5.36294 2.9797 −9.2667 7.9634 5.5494 10.0756 19.9951
700 −3.8323 1.4771 −6.0296 3.6792 −9.9099 8.4398 5.6447 10.3441 20.1798
750 −4.0217 1.9745 −6.2363 4.1271 −10.5158 9.0981 6.5356 11.2046 21.6884
800 −4.3734 1.7994 −6.6419 3.967 −10.8484 9.1519 6.8935 12.2894 22.586
850 −4.4864 2.1908 −6.7597 4.5182 −11.0595 9.9163 7.195 12.2349 23.0984
900 −4.4993 2.2334 −6.9758 4.4434 −11.4069 10.6258 7.7124 12.7777 23.9691
950 −4.6497 2.6166 −7.0743 5.2883 −11.706 11.3731 7.5338 12.755 24.2713
1000 −4.9767 2.5954 −7.3163 4.929 −11.7984 10.1782 7.7161 13.0394 24.3052

Table 9.13: Look-up table for the quantils for photon images with incident angles Θ = 4 ◦.
The first six rows give the values for the cut points of the x-distribution while the last
three rows specify the width for the y-distribution. The unit of all values is mm.

67



9 APPENDICES

λ [nm] −25 % 25 % −34 % 34 % −45 % 45 % 50 % 68 % 90 %
275 −14.8866 9.6138 −20.8855 14.0264 −28.2199 31.3319 22.0147 30.7504 43.5849
300 −12.1376 6.8995 −15.7157 10.0714 −21.0239 13.3665 15.6739 21.5065 29.5443
325 −9.9193 4.5523 −12.7113 6.8792 −16.147 9.311 11.8959 15.6926 20.1883
340 −8.6403 3.9256 −11.0299 5.8419 −13.8798 7.7705 9.2629 12.7207 16.0831
350 −8.3358 2.9372 −10.2206 4.691 −12.5521 6.8726 8.3278 11.0977 13.71
360 −7.5745 2.4379 −9.2979 4.0886 −11.3363 6.1094 7.0096 9.5143 11.8267
375 −7.0782 1.7922 −8.4137 3.3246 −9.6902 5.1926 5.4957 7.3898 9.5511
390 −6.4186 0.9164 −7.3999 2.3527 −8.2734 4.2577 4.0871 5.7236 7.7658
400 −6.1272 0.5204 −6.9258 1.9267 −7.4085 3.8764 3.2191 4.6844 6.7431
425 −5.2636 0.0966 −5.5265 1.3426 −6.1479 2.9708 2.2673 3.4153 4.9582
450 −4.2624 −0.5079 −4.6674 0.6531 −5.8484 2.2509 1.9002 2.8347 5.8269
460 −4.0843 −0.6981 −4.6307 0.4912 −5.7813 2.1791 1.8656 2.7929 7.4886
480 −3.6721 −0.8971 −4.4772 0.2977 −6.1191 1.7523 1.7191 2.7865 9.0053
500 −3.4787 −0.7979 −4.4265 0.0211 −6.3242 1.4487 1.5395 3.2179 10.1549
550 −3.4694 −0.6214 −4.7427 0.0923 −7.0908 1.5987 2.2179 5.5132 13.3784
600 −3.9914 −0.3595 −5.4561 0.2572 −7.9869 2.9231 3.5821 7.2056 15.7888
650 −3.7379 −0.1739 −5.2048 0.3597 −8.27 4.5284 4.189 8.0652 17.9822
700 −4.0709 −0.1111 −5.7181 0.6436 −8.7298 5.1554 4.8348 9.0006 19.6476
750 −4.3244 0.0354 −6.2136 1.3535 −9.4228 5.8882 5.4223 9.7394 20.1247
800 −4.095 0.2003 −6.1289 1.9091 −9.5115 6.5486 5.8127 10.3736 21.0203
850 −4.4096 0.3362 −6.4147 1.9622 −10.2072 6.8136 6.3641 11.0735 22.3992
900 −4.2523 0.4201 −6.3597 2.2008 −9.9303 7.5607 6.6481 11.6744 22.8349
950 −4.0548 0.7703 −6.2086 2.5714 −10.1819 7.966 6.7207 12.0256 23.5579
1000 −4.5277 0.7309 −6.8861 2.4052 −10.663 7.7807 6.7925 11.7374 23.1112

Table 9.14: Look-up table for the quantils for photon images with incident angles Θ = 6 ◦.
The first six rows give the values for the cut points of the x-distribution while the last
three rows specify the width for the y-distribution. The unit of all values is mm.
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λ [nm] −25 % 25 % −34 % 34 % −45 % 45 % 50 % 68 % 90 %
275 −17.462 10.3379 −23.8483 15.639 −33.2986 22.5761 24.1753 33.3468 46.9601
325 −13.2302 5.5399 −16.5866 8.7403 −22.0049 11.8978 13.3388 18.441 24.3997
340 −12.0688 4.6405 −15.3182 7.4326 −19.8564 10.094 11.3264 15.4737 20.1146
350 −11.3075 3.7733 −14.2185 6.3875 −18.007 9.0789 10.157 13.7274 17.699
360 −10.9414 3.1459 −13.4406 5.6766 −16.5423 8.2228 8.968 12.1142 15.479
400 −9.1849 1.919 −10.8117 3.6332 −12.653 6.0034 5.0931 7.3076 9.6046
425 −8.2072 1.0209 −9.482 2.646 −10.8474 4.8111 3.5026 5.2476 7.2129
450 −7.531 0.274 −8.5833 1.8766 −9.3643 4.1275 2.7645 3.9416 5.6598
480 −6.8241 −0.1789 −7.3174 1.4299 −8.4076 3.5583 2.25867 3.3594 7.0787
500 −6.2294 −0.2893 −6.6471 1.2506 −7.9539 3.1007 2.0067 3.0217 8.104
520 −5.6799 −0.6662 −6.2636 0.8095 −7.7823 2.7282 1.8371 2.8288 9.0409
530 −5.5038 −0.7269 −6.2037 0.6848 −7.755 2.6379 1.9276 3.0495 9.7271
575 −4.8502 −1.1882 −5.7228 0.1201 −7.6777 1.9784 1.6836 3.9937 11.6868
600 −4.8462 −1.0778 −5.8256 0.1373 −7.7121 1.861 1.7454 4.8862 13.1652
650 −4.7108 −1.1733 −5.7985 −0.1241 −7.9789 1.5334 2.4026 5.7977 15.1747
700 −4.3621 −1.2302 −5.9643 −0.3492 −8.143 1.3274 3.0405 6.7597 16.7223
750 −4.5594 −0.9688 −6.1575 −0.1567 −8.3497 1.0104 3.4644 7.3225 16.6416
800 −4.6152 −0.8466 −6.1866 −0.0979 −8.8091 1.3 4.2009 8.2149 18.1751
850 −4.6008 −0.7763 −6.2433 −0.0436 −8.9148 1.7165 4.4237 8.4718 18.7175
900 −4.5934 −0.6641 −6.337 0.0563 −8.9897 2.3838 4.9335 9.2372 20.4079
950 −4.5343 −0.6419 −6.2701 −0.0076 −9.2283 2.6548 5.1465 9.4883 20.3305
1000 −4.64 −0.5538 −6.2258 0.1068 −9.1931 3.5786 4.9973 9.693 21.1996

Table 9.15: Look-up table for the quantils for photon images with incident angles Θ = 8 ◦.
The first six rows give the values for the cut points of the x-distribution while the last
three rows specify the width for the y-distribution. The unit of all values is mm.
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