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Things to discuss in this exercise
a) Use the discrepancy principle to obtain a good stopping index k∗. Plot the

exact and estimated initial temperature ξ∗ ξ̃k as well as the final temperature
data

Stopping index k∗ is 5.

Figure 1: Discrepancy Principle

Figure 2: gg

I also made initial temperature graph. Estimated initial temperature is close to exact
initial temperature. The norm of the error is 0.4246. (Norm of initial temperature is 7.1750)
The error ratio is 5.9178%.
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Final temperature graph is drawn below. ’yp’ and ’yb’ covered the exact final tem-
perature. error of the estimated temperature is 0.0791. Considering the norm of exact
temperature is 7.0771, the error is 1.1177%.

Figure 3: Final Temperature

b) Now we want to choose a stopping index k∗ by means of the L-curve. To
this end, plot the values (||Aξ̃k−ỹ||2, ||ξ̃k||2) for k = 1, ...., 250 in a log-log plot. What
do you observe?

The L-curve described below is generated from k = 3. It is hard to see exact L-shaped
curve. Thus, it is necessary to apply C-norm to get nice looking L-curve.

Figure 4: L-Curve

c) Plot another L-curve, replacing ||ξ̃k||2 by ||Cξ̃k||2. Note that the C-norm will
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penalize oscillations in the estimate ξ̃k. For the obtained index k∗, plot initial
and final temperatures in respective plots as in a.), and discuss the results.

The L-Curve with C-Norm is also drawn from k = 3. I picked up k from a point which
has biggest curvature. k∗ is chosen to be 20. (k∗ = 20)

Figure 5: L-Curve with C-Norm

Initial temperature is made with k∗ = 20. The error is 0.1146 and the error ratio is
1.5972. It is a little bit larger than the error ratio with discrepancy method.

Figure 6: L-Curve with C-Norm

The error of final temperature is 0.0724 and the error ratio is 1.0228%, much lower than
previous error ratio 1.1177%.
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Figure 7: L-Curve with C-Norm

MATLAB code:

c l o s e a l l ;
c l e a r ;
L = pi ;
n= 100 ;
T = 5 ;
x=l i n s p a c e (0 ,100 , n) /100∗L ;
u0=s i n ( x ) +0.2∗ s i n (8∗x ) ;
alpha = 10ˆ−3;
C = ze ro s (n , n) ;
for i =1:100
C( i , i ) = 2 ;
i f i < 100
C( i , i +1) = −1;
C( i +1, i ) = −1;
else
C( i , i −1) = −1;
end
end
h = L/(n−1) ;
C = C∗alpha /h ˆ2 ;
A = expm(−T∗C) ;
ut=A∗u0 ’ ;
% apply ing homogeneous boundary cond i t i on
ut (1 ) =0;
ut ( end ) =0;
uT meas = ut+10ˆ−2∗randn (n , 1 ) ;
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yp = uT meas ;

% bu i l d ing l a p l a c i a n operator f o r a vec to r

%% ( a )
beta = 1 ;
d i s c repancy = ze ro s (k , 1 ) ;
f l a g = 0 ;
x i = ze ro s (n , 1) ;
k = 250 ;
f o r i =1:k
x i = x i − beta∗ A ’ ∗(A∗ x i − yp ) ;
d i s c repancy ( i ) = norm(A∗xi−yp ) ;
x i v ( i ) = norm( x i ) ;
x i c v ( i ) = norm(C∗ x i ) ;
i f ( d i s c repancy ( i ) <= norm( uT meas − ut ) ) &&( f l a g ==0) ;
x i k = x i ;
kk = i ;
d i sp ( kk ) ;
f l a g =1;
end
end

dy = ones ( k ) ∗ norm( uT meas −ut ) ;
i f f l a g ==1
f i g 1=f i g u r e ( ) ;
semi logy ( discrepancy , ’ l i n ew id th ’ ,5 , ’ c o l o r ’ , ’ b ’ ) ;
hold on
semi logy (dy , ’−− ’ , ’ l i n ew id th ’ ,5 , ’ c o l o r ’ , ’ r ’ ) ;
hold o f f
g r i d ;
l egend ( ’ Discrepancy curve ’ , ’ dy ’ ) ;
x l a b e l ( ’ k ’ ) ;
a x i s ( [ 0 100 0 .05 0 . 5 ] ) ;
y l a b e l ( ’ Discrepancy ’ ) ;

y=ut ;
yb = A∗ x i k ;
f i g 2=f i g u r e ( ) ;
s i z e o f l i n e =4;
s i z e o f l i n e 2 =6;
p l o t (x , y , ’ l i n ew id th ’ , s i z e o f l i n e ) ;
hold on ;
p l o t (x , yp , ’∗ ’ , ’ l i n ew id th ’ , s i z e o f l i n e 2 ) ;
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p lo t (x , yb , ’ s ’ , ’ l i n ew id th ’ , s i z e o f l i n e 2 ) ;
x l a b e l ( ’ x ’ ) ;
y l a b e l ( ’ F ina l Temperature ’ ) ;
g r i d ;
t i t l e ( ’ F ina l Temperature ’ ) ;
l egend ( ’ y ( exact ) ’ , ’ yp ( measured ) ’ , ’ yb ( est imated ) ’ ) ;

f i g 3 = f i g u r e ( ) ;
p l o t (x , u0 , ’ l i n ew id th ’ , s i z e o f l i n e ) ;
hold on ;
p l o t (x , x i k , ’∗ ’ , ’ l i n ew id th ’ , s i z e o f l i n e 2 ) ;
hold o f f
l egend ( ’ u0 ( exact ) ’ , ’ x i k ( est imated ) ’ ) ;
t i t l e ( ’ I n i t i a l Temperature ’ ) ;
end

%% (b)
s t a r t i n g i n d e x =3;
f i g u r e ;
l o g l o g ( d i s c repancy ( s t a r t i n g i n d e x : end ) , x i v ( s t a r t i n g i n d e x

: end ) , ’∗ ’ , ’ l i n ew id th ’ , 5 ) ;
t i t l e ( ’ Discrepancy vs xi−norm ’ ) ;
a x i s t i g h t ;
x l a b e l ( ’ Discrepancy ’ ) ;
y l a b e l ( ’ x i ’ ) ;

%% ( c )

f i g 5=f i g u r e ( ) ;
l o g l o g ( d i s c repancy ( s t a r t i n g i n d e x : end , 1 ) , x i c v (

s t a r t i n g i n d e x : end ) , ’∗ ’ , ’ l i n ew id th ’ , 5 ) ;
t i t l e ( ’ Discrepancy vs C−norm ’ ) ;
x l a b e l ( ’ Discrepancy ’ ) ;
y l a b e l ( ’C−norm ’ ) ;
a x i s t i g h t ;

% I n i t i a l temperature and Fina l temperature e s t imat ion from ( c )

% c a l c u l a t i n g x i when k∗ = 20
x i = ze ro s (n , 1) ;
k = 20 ;
for i =1:k
x i = x i − beta∗ A ’ ∗(A∗ x i − yp ) ;

7



d i sc repancy ( i ) = norm(A∗xi−yp ) ;
x i v ( i ) = norm( x i ) ;
x i c v ( i ) = norm(C∗ x i ) ;
i f ( d i s c repancy ( i ) <= norm( uT meas − ut ) ) &&( f l a g ==0) ;
x i k = x i ;
kk = i ;
d i sp ( kk ) ;
f l a g =1;
end
end

y=ut ;
yb = A∗ x i ;
f i g u r e ;
p l o t (x , y , ’ l i n ew id th ’ , s i z e o f l i n e ) ;
hold on ;
p l o t (x , yp , ’∗ ’ , ’ l i n ew id th ’ , s i z e o f l i n e 2 ) ;
p l o t (x , yb , ’ s ’ , ’ l i n ew id th ’ , s i z e o f l i n e 2 ) ;
x l a b e l ( ’ x ’ ) ;
y l a b e l ( ’ F ina l Temperature ’ ) ;
g r i d ;
t i t l e ( ’ F ina l Temperature kˆ∗ from L−Curve ’ ) ;
l egend ( ’ y ( exact ) ’ , ’ yp ( measured ) ’ , ’ yb ( est imated ) ’ ) ;

f i g u r e ( ) ;
p l o t (x , u0 , ’ l i n ew id th ’ , s i z e o f l i n e ) ;
hold on ;
p l o t (x , x i k , ’∗ ’ , ’ l i n ew id th ’ , s i z e o f l i n e 2 ) ;
hold o f f
l egend ( ’ u0 ( exact ) ’ , ’ x i k ( est imated ) ’ ) ;
t i t l e ( ’ I n i t i a l Temperature ’ ) ;
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