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Parameter Estimation

Solution of Bonus Problem 6: Maximum Likelihood vs.

Weighted Least-Squares
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The multiplication with a positive constant does not affect Θ̂ML, therefore we can drop∏m
i=1

1√
2πσi

.

⇒ Θ̂ML = arg max
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Since eaeb = ea+b, we can rewrite Θ̂ML as

Θ̂ML = arg max
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For monotonically increasing functions g, it holds maxx(f(x)) = maxx(g(f(x))). Since

the logarithm function is monotonically increasing, it holds

Θ̂ML = arg max
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Since log(ef(x)) = f(x), it follows
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Since maxx(−f(x)) = minx(f(x)), we get

Θ̂ML = arg min
Θ̄
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If we define W = diag(σ−1
1 , . . . , σ−1

m ), we can rewrite the sum of squares as vector-

matrix-multiplication:

Θ̂ML = arg min
Θ̄

((ỹ − ȳ)TW TW (ỹ − ȳ))

= arg min
Θ̄

((Wỹ −Wȳ)T (Wỹ −Wȳ))

Similar to the least-square method we define a matrix X with Xi,j = xj(ui). Thus, we

can rewrite ȳ = XΘ̄. For the maximum likelihood estimate we get

Θ̂ML = arg min
Θ̄

((Wỹ −WXΘ̄)T (Wỹ −WXΘ̄))

= arg min
Θ̄

((ỹW −XW Θ̄)T (ỹW −XW Θ̄))

= arg min
Θ̄
‖ỹW −XW Θ̄‖2

2

= Θ̂WLS

For models, which are linear in parameters, the maximum likelihood estimate Θ̂ML

and the weighted least-square estimate Θ̂WLS are identical, if the weight matrix W =

diag(σ−1
1 , . . . , σ−1

m ) is used in the WLS method.


