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Notes concerning the submission of the programming exercise (read carefully!):

• You may work on this sheet until 14:30 on Friday, 29.01.2021. The evaluation will take place in the self-exercise class starting at 14:30 on

Friday, 29.01.2021. Appointment slots will be published on Moodle shortly.

• All the other rules are same as in the previous programming exercises.

Finite Volume Method
Given the following scalar conservation law

ut + (f(u))x = 0,

with periodic initial condition

u(x, 0) = u0(x) =


1, x ∈ [−1,−1/2),

0, x ∈ [−1/2, 1/2),

1, x ∈ [1/2, 1).

Let us use following form of Finite Volume method

un+1
j = unj +

∆t

∆x

(
F (unj−1, u

n
j )− F (unj , u

n
j+1)

)
with following numerical fluxes F :

• naive:
F (ul, ur) =

1

2
(f(ul) + f(ur))

• Lax-Friedrichs:

F (ul, ur) =
1

2
(f(ul) + f(ur))− ∆x

2∆t
(ur − ul)

• Lax-Wendroff:

F (ul, ur) =
1

2
(f(ul)+f(ur))− ∆t

2∆x
a2(ul, ur)(ur−ul) where a(ul, ur) =

f(ul)− f(ur)

ul − ur
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1) Implement presented numerical schemes for fluxes

f(u) = 2u (advection equation),

f(u) =
1

2
u2 (Burgers equation).

Make your program take following input: number of grid nodes N , end time T , initial
condition u0 and which numerical flux shall be used. Plot solution.

Hint:

• Make sure that CFL condition is met:

∆t ≤ ∆x

max
u
|f ′(u)|

• As a rule, the evaluations of the numerical flow function at the cell bound-
aries represent a large part of the total computational effort of an FV solver.
Therefore, try to get along with as few flow function evaluations as possible.

• For the Burgers equation, the exact solution for the smooth initial condition
cannot be explicitly specified. You can implement the exact solution with the
help of the minimization function fminbnd

[xmin,u0min] = fminbnd(@(x) u0(x),a,b);

[xmax,u0max] = fminbnd(@(x) -u0(x),a,b);

u0max = -u0max;

uEx =@(x,t) fminbnd(@(u) (u - u0(x-u*t)).�2,u0min,u0max);

In this case u0 denotes the initial condition, and a and b are the left and right
interval indicate a border.

2) Examine the convergence order of the procedures with respect to the L1-norm in a
loglog Plot. In addition to the error of the numerical approximation u∆t to the exact
solution u on grid points, consider the error of the cell-wise constant approximation of
the exact solution u by the cell mean values (denoted by P0u), i.e.

‖u∆t − u‖L1([−1,1]×[0,T ]) and ‖u∆t − P0u‖L1([−1,1]×[0,T ]).

To do this, use the discontinuous initial condition specified above, as well as the smooth
initial condition

u0(x) = sin(πx), x ∈ [−1, 1].

In the case of the Burgers equation, select the end time T such that the characteristics
do not intersect. Compare convergence plots. What convergence order do you expect
from the theory for the respective methods?
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